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A R T I C L E  I N F O                              A B S T R A C T  

 
 

A dominating set D of a graph G = (V, E) is a nonsplit dominating set if the induced 
subgraph ⟨V – D⟩ is connected. The nonsplit domination number ߛ௦(ܩ) is the G is the 
minimum cardinality of a nonsplit dominating set of G. The set of vertices is a  ߛ௦-set if it 
is nonsplit dominating set with ߛ௦(ܩ). In this paper, we obtain the total number of ߛ௦-
sets, the Partially Balanced Incomplete Block (PBIB)-Designs on minimum ߛ௦-sets of 
Circulant graphs with m-association schemes for 1 ≤ m ≤ 

ଶ
 .  

 

 
 
 
 
 
 
 
 

INTRODUCTION 
 

All graphs considered in this paper are finite, undirected and 
connected with no loops and multiple edges. As usual p = | V | 
and q = | E | denote the number of vertices and edges at a graph 
G, respectively. For any undefined terms in this paper, we 
refer to [7] and [11]. 
 

For a given positive integer p, let s1, s2, . . . , st be a sequence 
of integers where 0 < s1 < s2 <  . . . < st  < 	ାଵ

ଶ
. The Circulant 

graph Cp (S) where S = s1, s2, . . . , st is the graph on p vertices 
labelled as v1, v2, . . . , vp with vertex vi adjacent to each vertex 
vi ± sj (mod p) and the values st are called jump sizes. 
 

Circulant graphs have a vast number of uses and applications 
in telecommunication network, a return is possible to the 
physical sciences with an application of Circulant to the 
evolution of destiny fluctuation and Circulant graph are an 
important sub field of graph theory, see [16]. 
 

Bose and Nair introduced a class of binary, equi-replicate and 
proper designs, which are called Partially Balanced Incomplete 
Block (PBIB)- Designs. In these designs, all the elementary 
contrasts are not estimated with the same variance. The 
variances depend on the type of association between the 
treatments. For details on PBIB designs and its related 
concepts, we refer to [5] and [6]. 
 
 
 
 
 

There are many applications of PBIB- Designs may be used to 
contract (2, n) visual cryptographic schemes for black and 
white images with small pixel expansion, see [1]. 
 

Given   elements (objects or vertices), a relation satisfying the 
following conditions is called a PBIB with m-associate classes: 
 

1. Any two treatments are either first associates or 
second associates,. . . or mth associates, the relation of 
associations being symmetric. 

2. Each object has exactly nk, kth associates, the number 
nk independent of x. 

3. If two objects x and y are kth associates, then the 
number of objects which are ith associates of x and jth 
associates of y is pk

ij and is independent of the kth 
associates x and y. Also pk

ij = pk
ji. 

 

With the association scheme on ߥ objects, a PBIB–Design is 
an arrangement of ߥ objects into b sets (called blocks) of size g 
where g ˂ ߥ  such that  
 

1. Every element is contained in exactly r blocks. 
2. Each block contains g distinct elements. 
3. Any two elements which are mth associates occur 

together in exactly ߣ blocks. 
 

The number ߥ, b, g, r, ߣଵ,,ߣଶ, … . . ,   are called the parametersߣ
of the first kind, whereas the numbers  ݊ଵ,, ݊ଶ, … . . ,݊, pk

ij (i, 
j, k =1, 2, . . .,m) are called the parameters of the second kind, 
see [4]. 
 

A subset D ⊆ V is said to be a dominating set of a graph G, if 
every vertex in V – D is adjacent to some vertex in D. The 
minimum cardinality of vertices in such a set is called the 
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domination number (ܩ)ߛ. For complete review on theory of 
domination, we refer to [8], [9], [10], [12] and [13]. 
 

A dominating set D of a graph G = (V, E) is a nonsplit 
dominating set if the induced subgraph ⟨V – D⟩ is connected. 
The nonsplit domination number ns(G) is the minimum 
cardinality of a nonsplit dominating set. The minimum 
nonsplit dominating set D with   |D| = ߛ௦(ܩ) is called  ߛ௦-set. 
This concept was introduced by Kulli and Janakiram, see [14]. 

 

Slater [17] has introduced the concept of the number of 
dominating sets of G, which he denoted by HED(G) in honor 
of Steve Hedetniemi. In this paper, ns (G) is used to denote the 
minimum number of ߛ௦-sets of G. The PBIB-Design 
associated with domination related parameters are studied by 
[2], [3] and [18]. 

 
2.Circulant graph Cp (1)   

    
The jump size of Circulant graph is one, known as cycle Cp 
with p ≥ 4 vertices.   That is, Cp (1) ≅ Cp ; p ≥ 4. 
 
Proposition 2.1: [14] For any Circulant graph Cp (1) with p ≥ 
4 vertices, 
 
௦ߛ ቀܥ	(1)ቁ =  − 2. 
 
Theorem 2.1: The collection of all ߛ௦-sets of a Circulant 
graph Cp (1); p ≥ 4 vertices form a PBIB-Designs with 

ଶ
 - 

association scheme and parameters are ߥ =          ,b = p, g = p – 2 ,

r = p – 2 and ߣ = 	 ൜  − 3, ݂݅	݉ = 1
 −  .݁ݏ݅ݓݎℎ݁ݐ,4

Proof. Let Cp (1) be a Circulant graph with p ≥ 4 vertices and 
labelled as v1, v2,. . ., vp.  By Proposition 2.1, we have 
௦ߛ ቀܥ(1)ቁ =  − 2. Further, Cp (1) with p ≥ 4 have p blocks 

of ߛ௦-set, it implies b=nsቀܥ(1)ቁ =                                                                                      .

By Proposition 2.1, we have g = ߛ௦ ቀܥ(1)ቁ =  − 2, where g 
is the number of elements contained exactly in a block. 
By virtue of the above facts, we have r = p – 2.  
To obtain the m – associates for the elements, where 
 1 ≤ m ≤ 

ଶ
 .  

 

Two distinct elements are first associates, if they have jump 
size 1 and they are kth – associates (2 ≤ k ≤ 

ଶ
 ), if they have k 

jump sizes. These associates are as shown in        Table 1 along 
with their matrix representations. 
  
 
 
 
 
 
 
 
 
 
 
 

 
 
 

By Table 1, the parameters of second kind are given by 
	݊ = 2  for 1 ≤ i ≤ ିଵ

ଶ
 or     1≤ i ≤  

ଶ
− 1 or ݊	మ

= 1. 
With the association scheme for the Table 1, we have the 
matrix representation of the Circulant graph ܥ(ௌభ,ௌమ	,			.		.		.		,			ௌ) 
is 
 

ܲ =

⎝

⎜
⎜
⎛

ଵଵ ଵଶ 				. . . 
ଵ	షభమ



ଶଵ
⋮

ଶଶ	
 …
⋮ 	⋮


ଶ	షభమ



⋮


(షభమ )ଵ
 ቀషభమ ቁଶ

 … 
(షభమ )(షభమ )


⎠

⎟
⎟
⎞

 or  

ܲ = 	

⎝

⎜
⎜
⎛
ଵଵ ଵଶ … 

ଵଶ



ଶଵ ଶଶ … 
ଶଶ



⋮

ଶ	ଵ


⋮

ଶ	ଶ


…
…

⋮

ଶ		

ଶ


⎠

⎟
⎟
⎞

 

 
The possible values of k in the matrix ܲ are given below :  
If k = 1, then  
 

ଵ .1 = 1 for 1 ≤  i  ≤  ିଵ
ଶ
− 1 and 1 ≤  i  ≤  

ଶ
− 1,	 j = i +1, 

ଵ .2 = 1 for 1 ≤  j  ≤  ିଵ
ଶ
− 1 and 1 ≤  j  ≤  

ଶ
− 1,	 i = 1 +j, 

ଵ .3 = 1 for 1 =  ିଵ
ଶ  ,  i  =  ିଵ

ଶ
 , 

 

If 2 ≤  k  ≤  ିଷ
ଶ

 and 2 ≤  k  ≤  
ଶ
− 1, then 

 

 .1 = 1 for 1 ≤  i  ≤  ିଷ
ଶ  and 1 ≤  i  ≤  

ଶ
− 1, i + j = k ,  j = 

k + i and i + j = p – k. 
 .2 = 1 for 1 ≤  j  ≤  ିଷ

ଶ  and 1 ≤  j  ≤  
ଶ
− 1, i = k + j and i 

+ j = p – k. 
If  k  =  ିଵ

ଶ
 and k  =  

ଶ
 , then  

 

 .1 = 1 for 1 ≤  i  ≤  ିଷ
ଶ  ,  j  =  ିଵ

ଶ
− ݅, 

 .2 = 1 for 1 ≤  i  ≤  ିଵ
ଶ  ,  j =  ାଵ

ଶ
− ݅, 

 .3 = 2 for 1 ≤  i  ≤  
ଶ
− 1, j  =  ݇ − ݅  

 
With other entries are all zero. 
Hence the parameters of first kind are given by ߥ =  b = p, g ,
= p – 2, r = p – 2, ߣ =  − 3, where m = 1; otherwise, 
ߣ =  − 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1 Association schemes of ܥ(ௌభ,ௌమ	,			.		.		.		,			ௌ). 

Elements 

Association scheme 

First Second . . k . . 
 − 1

2  

2 

v1 vp, v2 vp-1, v3 . . . 
v(p-(k-1))(mod p), 

v(1+k)(mod p) 
ଵାషభమ	ݒ . . . ଵାషభమ	ݒ , ାଵ ݒଵାଶ 

v2 v1, v3 vp, v4 . . . 
v(p-(k-2))(mod p), 

v(2+k)(mod p) 
ଶାషభమ	ݒ . . . ଶାషభమ	ݒ , ାଵ ݒଶାଶ  

v3 v2, v4 v1, v5 . . . 
v(p-(k-3))(mod p), 

v(3+k)(mod p) 
ଷାషభమ	ݒ . . . ଷାషభమ	ݒ , ାଵ ݒଷାଶ  

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

vi 
v(i-1))(mod p), 

v(i+1))(mod p) 

v(i-2))(mod p), 

v(i+2))(mod p) 
. . . 

v(p-(k-i)) (mod p), 

v(i+k) (mod p) 
. . . 

ିଵଶ		ା		)ݒ 	)	(୫୭ୢ	) 

ିଵଶ		ା		)ݒ 	ା	ଵ	)	(୫୭ୢ	) 
 ቀଵାଶቁ(ௗ)ݒ

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
vp vp-1, v1 vp-2, v2  vp-k, vk  ݒ	షభమ 	 షభమ		ݒ	 , 	ାଵ ݒ

ଶ	
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3.Circulant graph Cp ( 


 ) 

 

The Circulant graph with jump size  
ଶ
;  p ≥ 4 vertices, is  

Cp ( 

ଶ
 ). 

 

Proposition 3.1:  [14] For any Circulant graph Cp ( 

ଶ
 ) with 

p ≥ 4 vertices, 

௦ߛ ൬ܥ 	ቀ		

ଶ
	ቁ൰ =  − 2. 

 

Theorem 4.1: The collection of all ߛ௦-sets of a Circulant 
graph Cp ( 


ଶ
  ) ; p ≥ 4 vertices form a PBIB-Designs with 

ଶ
 

- association scheme and parameters are ߥ =               ,b = p ,

g = p – 2, r = p – 2 and ߣ = 	 ൝
 − 4, ݂݅	1	 ≤ ݉ ≤ 	 ିଵ

ଶ


 − 3,									݂݅	݉ =  
ଶ
	.

 

Proof. Let Cp ( 

ଶ
 ) be a Circulant graph with p ≥ 4 vertices 

and labelled as v1, v2, . . . , vp.  By Proposition 3.1, we have 

௦ߛ ൬ܥ ቀ

ଶ
ቁ൰ =  − 2.                                                      

Further, Cp ( 
ଶ
 ) with p ≥ 4 have p blocks of ߛ௦-set, it 

implies b=ns൬ܥ ቀ

ଶ
	ቁ൰ =                                                                                      .

By Proposition 3.1, we have g = ߛ௦ ൬ܥ ቀ

ଶ
	ቁ൰ =  − 2, 

where g is the number of elements contained exactly in a 
block. 
From the above facts, we have r = p – 2. 
 To obtain the m – associates for the elements, where  
1 ≤ m ≤ 

ଶ
 .  

 

Two distinct elements are first associates, if they have jump 
size k and they are 

ଶ
 th – associates (1 ≤ k ≤ ିଶ

ଶ
 ), if they 

have 
ଶ
 jump sizes. These associates are as shown in Table 2 

along with their matrix representations.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
With this association scheme, the parameters of second kind 
are given by ݊ = 2 for  1 ≤  j  ≤  ିଵ

ଶ
− 1, ݊	మ

= 1	and 

ܲ = 	

⎝

⎜
⎜
⎛
ଵଵ ଵଶ … 

ଵଶ



ଶଵ ଶଶ … 
ଶଶ



⋮

ଶ	ଵ


⋮

ଶ	ଶ


…
…

⋮

ଶ		

ଶ


⎠

⎟
⎟
⎞

 

The possible values of k in the matrix ܲ are given below:  
If k = 1, then  

ଵ .1 = 1 for 1 ≤  i  ≤  
ଶ
− 1,  j = i + 1, 

ଵ .2 = 1 for  i = 1 + j, 1 ≤  j  ≤  
ଶ
− 1. 

If 2 ≤  k  ≤  
ଶ
− 1, then 

 

 .1 = 1 for 1 ≤  j  ≤  
ଶ
− 1, i + j = k ,  j = k + i and 

i + j = p – k. 
 .2 = 1 for 1 ≤  j  ≤  

ଶ
− 1, i = k + j and i + j = p – 

k. 
 

If  k  =  
ଶ
 , then   = 2 for 1 ≤  i  ≤  

ଶ
− 1	and  j = k – i  with 

other entries are all zero. 
 

Hence the parameters of first kind are given by ߥ =  ,b = p ,
 g = p – 2, r = p – 2,  ߣ =  − 4; 1	 ≤ ݉ ≤ 	 ିଵ

ଶ
 and 

ߣ =  − 3; ݉ =  
ଶ
 . 

 

4.Circulant graph with odd jump sizes 
 

The Circulant graph with odd jump size Cp (1, 3, . . . ,  
ଶ
	) ; p 

≥ 6 vertices is known as a complete bipartite graph ܭభమ 
where p1 = p2 ; that is , Cp (1, 3, . . . ,  

ଶ
	)  .భమܭ	≅

 

Proposition 4.1: For any Circulant graph Cp ( 1, 3, . . . ,  
ଶ
	 ) 

with p ≥ 6 vertices, 

௦ߛ ൬ܥ ቀ		1, 3, . . . ,  
ଶ
	ቁ൰ = 2. 

 

Proof : Let Cp( 1, 3, . . . , 
ଶ
	 ) be a Circulant graph of odd 

jump sizes with  p ≥ 6 vertices and labelled as v1, v2, . . . , vp.  
Since Cp (1, 3, . . . ,  

ଶ
	)  , . . . ,భమ with V (Cp ( 1, 3ܭ	≅

 
ଶ
	)) = V1 ⋃ V2 ; | V1| = p1 and     | V2| = p2, which is a 

bipartite graph. Hence the set {u, v} form a ߛ௦-set of Cp ( 1, 3, 
. . . ,  

ଶ
	) for u ∈ V1 and v ∈ V2. Thus 

௦ߛ ൬ܥ ቀ		1, 3, . . . ,  
ଶ
	ቁ൰ = 2 follows. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Theorem 4.1: The collection of all ߛ௦-sets of a Circulant 
graph Cp (1, 3, . . . ,  

ଶ
	) ; p ≥ 6 vertices form a PBIB-Designs 

with 
ଶ
 - association scheme and parameters are ߥ =           ,b = p ,

g = 2, r = 2 and ߣ = 	 ൜ 1, ݂݅	݉ = 1
0, otherwise. 

 

Proof. Let Cp ( 1, 3, . . . ,  
ଶ
	) be a Circulant graph with p ≥ 6 

vertices and labelled as v1, v2, . . . , vp.  By Proposition 4.1, we 
have ߛ௦ ቀܥ(	1, 3, . . . ,  

ଶ
		ቁ = 2. Further, Cp ( 1, 3, . . . ,  

ଶ
	) 

with p ≥ 6 have p blocks of ߛ௦-set, it implies  

Table 2 Association schemes of circulants with even vertices. 
 

Elements 
Association scheme 

First Second . . k . . 



 

v1 vp, v2 vp-1, v3 . . . v(p - (k  - 1)) (mod p), 

v(1 + k ) (mod p) 
ଵାଶݒ . . .

 

v2 v1, v3 vp, v4 . . . v(p - (k - 2)) (mod p), 
v(2 + k) (mod p) 

ଶାଶݒ . . .
 

v3 v2, v4 v1, v5 . . . v(p - (k - 3)) (mod p), 
v(3 + k) (mod p) 

ଷାଶݒ . . .
 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

vi 
v(i-1)) (mod p), 
v(i+1) (mod p) 

v(i-2)) (mod p), 
v(i+2)) (mod p) 

. . . v(p-(k -i)) (mod p), 

v(i+ k) (mod p) 
 )	ቀାଶቁ(ௗݒ . . .

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
vp vp-1, v1 vp-2, v2  vp - k, vk  ݒ

ଶ	
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b = nsቀܥ	(	1, 3, . . . ,  
ଶ
		ቁ =                                                                                      .

By Proposition 4.1, we have g = ߛ௦ ቀܥ	(	1, 3, . . . ,  
ଶ
		ቁ = 2, 

where g is the number of elements contained exactly in a 
block. 
 

From the above facts, we have r = 2. 
 To obtain the m – associates for the elements, where  
1 ≤ m ≤ 

ଶ
 .  

 

Two distinct elements are odd associates, if they have odd 
jump size and they are even associates (2 ≤ k ≤ 

ଶ
 ), if they 

have even jump sizes. These associates are as shown in Table 
3 along with their matrix representations. 
 

Table 3 Association schemes of circulants with odd vertices 
 

Elements 
Association scheme 

First Second . . k . . 
 − 1

2
 

v1 vp, v2 vp-1, v3 . . . v(p - (k - 1)) (mod p), 
v(1 + k) (mod p) 

ଵାషభమݒ . . .
ଵାషభమ	ݒ , ାଵ 

v2 v1, v3 vp, v4 . . . v(p - (k - 2)) (mod p), 
v(2 + k) (mod p) 

ଶାషభమݒ . . .
ଶାషభమ	ݒ , ାଵ 

v3 v2, v4 v1, v5 . . . v(p - (k - 3)) (mod p), 

v(3 + k) (mod p) 
ଷାషభమݒ . . .

ଷାషభమ	ݒ , ାଵ 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

vi 
v(i - 1) (mod p), 
v(i + 1) (mod p) 

v(i - 2) (mod p), 
v(i + 2) (mod p) 

. . . v(p - (k -i)) (mod p), 
v(i + k) (mod p) 

. . . 
షభమ		ା		)ݒ 	)	(୫୭ୢ	), 

ିଵଶ		ା		)ݒ 	ା	ଵ	)	(୫୭ୢ	) 

. 

. 
. 
. 

. 

. 
. 
. 

. 

. 
. 
. 

. 

. 
vp vp - 1, v1 vp - 2, v2  vp -k, vk  ݒ	షభమ షభమ		ݒ	 ,	 	ାଵ 

 

By Table 3, the parameters of second kind are given by 
	݊ = 2  for  1 ≤ i ≤ ିଵ

ଶ
 and   ݊	మ

= 1. 
 

With the association scheme for the Table 3, we have the 
matrix representation of the Circulant graph ܥ(ௌభ,ௌమ	,				.		.		,			ௌ)  
p ≥ 6 is 
 

ܲ =

⎝

⎜⎜
⎜
⎛

ଵଵ ଵଶ 				. . . 
ଵ	ିଵଶ



ଶଵ
⋮

ଶଶ	
 …
⋮ 	⋮


ଶ	ିଵଶ



⋮

ቀିଵଶ ቁଵ
 

ቀିଵଶ ቁଶ
 … 

ቀିଵଶ ቁቀିଵଶ ቁ


⎠

⎟⎟
⎟
⎞

 

 

Therefore the possible values of k in the matrix ܲ are given 
below:  
 

If k = 1, then  
 

ଵ .1 = 1 for 1 ≤  i  ≤  ିଵ
ଶ
− 1,	 j = i + 1, 

ଵ .2 = 1 for 1 ≤  j  ≤  ିଵ
ଶ
− 1, i = 1 + j, 

ଵ .3 = 1 for i =  ିଵ
ଶ  , j  =  ିଵ

ଶ
 . 

 

If 2 ≤ k ≤  ିଷ
ଶ

 , then 
 

 .1 = 1 for 1 ≤  i  ≤  ିଷ
ଶ  , i + j = k ,  j = k + i and  

i + j = p – k, 
 .2 = 1 for 1 ≤  j  ≤  ିଷ

ଶ  , i = k + j and i + j = p – k. 
 

If  k  =  ିଵ
ଶ

 , then  

 .1 = 1 for 1 ≤  i  ≤  ିଷ
ଶ  ,  j  =  ିଵ

ଶ
− ݅, 

 .2 = 1 for 1 ≤  i  ≤  ିଵ
ଶ  ,  j =  ାଵ

ଶ
− ݅. 

 

With other entries are all zero. 
Hence the parameters of first kind are given by ߥ =   ,b = p ,
g = 2, r = 2, ߣ = 1 where        m = 1 and otherwise, ߣ = 0. 
 

5.Circulant graph with even jump sizes 
 

The even jump sizes ( 2, 4, . . . ,  
ଶ
	) of Circulant graph is 

denoted by Cp ( 2, 4, . . . ,  
ଶ
	) with p ≥ 4 vertices. 

Proposition 5.1: For any Circulant graph Cp ( 2, 4, . . . ,  
ଶ
	) 

with p ≥ 4 vertices, 

௦ߛ ቆܥ ቀ	2, 4, . . . , 

2 	

ቁቇ = ൝
	݂݅			,3 = 4݊ + 1;݊ ≥ 1

2 	݂݅			, = 4݊ + 4;݊	 ≥ 1. 

Proof . Let Cp( 2, 4, . . . ,  
ଶ
	) be a Circulant graph with p = 

4n + 1 or 4(n + 1) ; n ≥ 1 vertices. We have the following two 
cases. 
 

Case 1: If p = 4n + 1, n ≥ 1 vertices, then the Circulant graph 
Cp ( 2, 4, . . . ,  

ଶ
	) is a         (2n - 1)-regular. Thus the result 

follows. 
 

Case 2: If p = 4(n + 1), n ≥ 1 vertices and D is an ߛ௦-set of  
 Cp ( 2, 4, . . . ,  

ଶ
	), then it covers all the vertices of V – D 

and it is also an nonsplit dominating set. This implies that    
|D| = |V – D |. Thus the result follows. 
 
Theorem: The collection of all ߛ௦-sets of a Circulant graph Cp 
( 2, 4, . . . ,  

ଶ
	) ; p ≥ 4 vertices form a PBIB-Designs with 

ଶ
 

- association scheme and parameters are ߥ =          ,b = p ,

  g = 3, r = 3 and ߣ = 	 ൞

1,																			݂݅	݉ = 1,
0,			݂݅	2 ≤ ݉ ≤ 	 ିଵ

ଶ


2,												݂݅	݉ = 	 
ଶ
	.

, 

Proof. Let  Cp ( 2, 4, . . . ,  
ଶ
	) be a Circulant graph with  

p = 4n + 1, n ≥ 1 vertices and labelled as v1, v2, . . . , vp.  By 
Proposition 5.1, we have ߛ௦ ቀܥ	(	2, 4, . . . ,  

ଶ
		ቁ = 3.  

Further, Cp ( 2, 4, . . . ,  
ଶ
	) with p = 4n + 1;  n ≥ 1 have p 

blocks of ߛ௦-set, it implies                          
b = nsቀܥ(	2, 4, . . . ,  

ଶ
		ቁ =       .

                                                                                          By 
Proposition 5.1, we have g = ߛ௦ ቀܥ(	2, 4, . . . ,  

ଶ
	ቁ = 3, 

where g is the number of elements contained exactly in a 
block. 
 

From the above facts, we have r = 3. 
To obtain the m – associates for the elements, where 1 ≤ m ≤ 

ଶ
 .  

 

Two distinct elements are odd associates, if they have odd 
jump size and they are even associates (2 ≤ k ≤ 

ଶ
 ), if they 

have even jump sizes. These associates are as shown in the 
above Table 2 along with their matrix representations. 
 

Hence the parameters of first kind are given by ߥ =   ,b = p ,
g = 3, r = 3, ߣ = 1 where        m = 1;  ߣ = 0 where  
2 ≤ m ≤ ିଵ

ଶ
 and ߣ = 2	where		݉ = 	 

ଶ
	. 
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Theorem 5.2: The collection of all ߛ௦-sets of a Circulant 
graph Cp ( 2, 4, . . . ,  

ଶ
	) ; p ≥ 4 vertices form a PBIB-

Designs with 
ଶ
 - association scheme and parameters are 

ߥ = 	 b = 2,          g = ,
ଶ
, r = 1 and ߣ = 	 ൜ ݀݀	ݏ݅	݉	݂݅			,1

 .݊݁ݒ݁	ݏ݅	݉	݂݅			,0

Proof. Let Cp ( 2, 4, . . . ,  
ଶ
	) be a Circulant graph with  

p = 4n + 4, n ≥ 1 vertices and labelled as v1, v2, . . . , vp.  By 
Proposition 5.1, we have ߛ௦ ቀܥ(	2, 4, . . . ,  

ଶ
		ቁ = 

ଶ
.    

Further, Cp (2, 4, . . . ,  
ଶ
	) with p = 4n + 4; n ≥ 1 have two 

blocks of ߛ௦-set, it implies                        
 b = nsቀܥ	(	2, 4, . . . ,  

ଶ
	)	ቁ = 2.  

 

By Proposition 5.1, we have g = ቀܥ(	2, 4, . . . ,  
ଶ
	ቁ = 

ଶ
, 

where g is the number of elements contained exactly in a 
block. 
 

From the above facts, we have r = 1. 
To obtain the m – associates for the elements, where 
 1 ≤ m ≤ 

ଶ
 .  

Two distinct elements are odd associates, if they have odd 
jump size and they are even associates (2 ≤ k ≤ 

ଶ
 ), if they 

have even jump sizes. These associates are as shown in the 
above Table 2 along with their matrix representations. 
Hence the parameters of first kind are given by ߥ =  ,b = 2 ,
 g = 

ଶ
, r = 1, ߣ = 1 where        m is odd and ߣ = 0 where m 

is even.  
 

6.Circulant graph Cp ( 1, 2, . . . ,  

	) 

 

The jump size of Circulant graph is 1, 2, . . . ,  
ଶ
 are known 

as complete graph Kp with p ≥ 4 vertices, that is  
Cp ( 1, 2, . . . ,  

ଶ
	) ≅  Kp .  

 

Proposition 6.1:  For any Circulant graph Cp ( 1, 2, . . . ,  
ଶ
	) 

with p ≥ 4 vertices, 

௦ߛ ቆܥ ቀ	1, 2, . . . , 

2 	

ቁቇ = 1. 

Proof . Let Cp ( 1, 2, . . . ,  
ଶ
	) be a Circulant graph with p ≥ 4 

vertices and labelled as  
v1, v2, . . . , vp. If the Circulant graph Cp ( 1, 2, . . . ,  

ଶ
	) is a  

(p - 1)- regular. Thus the result follows. 
 

Theorem 6.1: The collection of all ߛ௦-sets of a Circulant 
graph 
 Cp ( 1, 2, . . . ,  

ଶ
	) ; p ≥ 4 vertices form a PBIB-Designs with  


ଶ
 - association scheme and parameters are ߥ =           ,b = p ,

g = 1, r = 1 and ߣ = 0. 
Proof. Let Cp ( 1, 2, . . . ,  

ଶ
	) be a Circulant graph with p ≥ 4 

vertices and labelled as v1, v2, . . . , vp.  By Proposition 6.1, we 
have ߛ௦ ቀܥ	(	1, 2, . . . ,  

ଶ
		ቁ = 1.         

 

Further, Cp ( 1, 2, . . . ,  
ଶ
	) with p ≥ 4 have p blocks of ߛ௦-

set, it implies                 b = nsቀܥ(	1, 2, . . . ,  
ଶ
	)	ቁ =  .

By Proposition 6.1, we have g = ߛ௦ ቀܥ(	1, 2, . . . ,  
ଶ
)	ቁ = 1, 

where g is the number of elements contained exactly in a 
block. 

From the above facts, we have r = 1.  
Two distinct vertices {vi} and{vj} are said to be kth associates 
where 1 ≤ k ≤ 

ଶ
  if they are adjacent. These associates are as 

shown in the above Table 1 along with their matrix 
representations. 
 

Hence the parameters of first kind are given by 	ߥ =  b = p, g ,
= 1, r = 1 and ߣ = 	0. 
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