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In this paper we have introduced the hesitancy double layered fuzzy graph which has its basis in double layered fuzzy graph. We have also|
discussed about the degree, order and vertex of the hesitancy double layered fuzzy graph. We have extended the concept to hesitancy triple|
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1. Introduction

Zadeh published his seminal paper on fuzzy sets in the year
1965 [13]. In 1975 Azriel Rosenfeld introduced fuzzy graph
and several fuzzy similarities of graph theoretical concepts
such as connectedness, cycles, paths, etc. [14]. Fuzzy line
graphs and its properties where introduced by Mordeson in
1993 [11]. As a generalization of fuzzy sets Atanassov
introduced the intuitionistics fuzzy set in 1986 [16]. In 2010
V. Tora developed hesitant fuzzy set [9]. T. Pathinathan and J.
Jesintha Roseline introduced Double layered fuzzy graph in
2014 [1]. In 2015, T. Pathinathan and J. Jesintha Roseline
developed the concept of intuitionistic double layered fuzzy
graph and also they have discussed various properties of
intuitionistic fuzzy graph such as its cartesian product and
vertex degree [6]. In the year 2015 T. Pathinathan, and J.
Jesintha Roseline extended the double layered fuzzy concept
to triple layered fuzzy graph and studied its properties [7]. T.
Pathinathan, J. Jon Arockiaraj and J. Jesintha Roseline derived
hesitancy fuzzy graph and discussed its principle properties
[8]. In this paper we have introduced hesitancy double layered
fuzzy graph and give the necessary conditions to construct a
hesitancy double layered fuzzy graph. Also we have discussed
its properties such as order, vertex and degree. We have also
introduced HTLFG and given an example. Further studies
could be carried out in future.

2. Preliminaries

Definition 2.1 Let /" be non-empty set. A fuzzy graph is a pair
of functions G : (x4, 1,) where u, is a fuzzy subset of 7,
MH,is a
V- [O,l]and
U, (u,v) < g1 (W) A gy (v) for all u, v in 7. The underlying

fuzzy  relation

My VXV — [0,1] such that

symmetric onyy, . e

crisp graph G :(u,,1,) is denoted as G :(g 4, )

where ,ul* is referred to as the non-empty set V of vertices

and g, =E V' xV.The crisp graph (V,E)is a special
case of the fuzzy graph G with each vertex and edge of
(V, E) having degree of membership 1.

Definition 2.2An intuitionistic fuzzy graph (IFG) is of the
form G : <V,E> where

i V= {Vl,vz,....,vn}such that g, :V — [0,1] and
v, V- [O,l] denote the degree of membership and non-

membership of the element V, € V respectively and
0<u,(v)+y,(v,)<1 --«(D)for every v, €V,
(i=12,..n),

(i) ECVxVwhereu, :V xV —[0,1] and

Vv, VXV — [O,l]are such that
(v, v;) S i (V) A g (v))
7/2(Viavj) S7l(vi)v71(vj)

and0 < 14, (v,, v, )+ 7,(v,,v;) <1

forevery(v;,v,) € E, (i,j =1, 2,....1’1).

2.2 Note

(i) The triple (v,, 14,;,7,;) denotes the degree of membership

and non-membership of the vertexv,. The triple

(€5 £y, 7,;) denotes the degree of membership and non-



International Journal of Current Advanced Research Vol 7, Special Issue: 1, pp 160-167, January 2018

membership of the edge e; =(v,,v;)on V. That is

Hy = 1, (V). 7, = 7,(v,) and Moy = (Vs V)70 =V, (Vi V)
(ii) When 1,, =0=7y,,, for someiand ] , then there is

no edge between v, and v I

Definition 2.3 Intuitionistic Double Layered Fuzzy Graph
(IDLFG):

<,u|(u), ;/l(u)> if uec”
(o), 7,0} i we i
The fuzzy relation (41,,,,, 7p,,) on o U p is defined as

<IUDLI(M)9 7DL1(M)> = {

(1, (u,v), 7, (u,v))

<IUDL2(”V)’ 7DL2(uV)> =

Definition 2.4 Triple Layered Fuzzy Graph (TLFG):

Let G:(o, p)be a fuzzy graph with the

underlying  crisp  graphG” : (o, p'). The pair

i (uv) if uveo’
u(e) A pule))
o) A ule)
o(u,) A ue,)
0

M =

By definition, ¢, (u,v) < o, (u) Aoy (V) for all uyv in
" U . Here My is a fuzzy relation on the fuzzy

subset 0, . Hence the pair TL(G) : (0, , fy; ) is defined as

triple layered fuzzy graph (TLFG).

Definition 2.5 A hesitancy fuzzy graph is of the form G = (V,
E), where

Let G: <(V],,,ul,}/1), (€5 Hy» 72) >be an intuitionistic
fuzzy graph with the underlying crisp graph

G : (0", ') .The pair
IDL(G): <(Vl.,,uDL1,}/DL1), (€55 Hpras Vi) >is called
the intuitionistic fuzzy

graph and is defined as follows. The node set of /DL(G)

be<,uDL1, ;/DL1>. The fuzzy subset <,uDL1(u), 7m1(u)> is
defined as

where 0< (1, + 7, )<1

if u,veo’

<,uz (e) A uy(e;), 7,(e)Vy, (e/.)> if the edge e, and e; have a node

in common between them

<,U1(”f)/\/uz(ei)’ 7/1(”1')\/72(61')) if u,ec” and e € y’ and

each e, is incident with sin gle u,
either clock wise or anticlockwise

otherwise

TL(G): (04, My )is defined as follows. The node set of
TL(G)beo" U u" U u" . The fuzzy subset

_Jow) ifuec

B {2y(uv) if uwweu’

The fuzzy relation g, on o U i’ is defined as

O =0p

if the edge e, and e, have a node in common between them.
if uyeoc’ and e, € u* and each e, is incident with u, in clockwise direction.

if u, ec” and e, € yi” and each e, is incident with u; in anticlockwise direction.

(i) V= {vl,vz,....vn}such that
w2V —=[0,1],7 :V —[0,1]and 5, : V' —[0,1] denote
the degree of membership, non-membership and hesitancy of

the element V, € V respectively and
ﬂl(Vl-)-i']/l(Vi)-i'ﬂl(Vi):lfor everyvl.EV,
IBI(VI.)ZI—[,UL(V[)-i-}/l(V[.)] """ (1) and

where

(ii) EgVXthere,u2 VXV > [0,1], 7, VXV — [0,1] and S, :VxV — [O,l]are such that,
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<max|y,(v), 7,(v)] e (3)
<min[ (), B(v)] e (4)
S

(Vo v) 7, (v, v) + By (v, v,) <1 forevery (v, v,) €E.

Example: 2.3.1

us. (0.2,0.7,0.1)

(0.2, 0.7, 0.05) (0.2, 0.7, 0)

Us, Uz
(0.2,0.6,0.2) (0.4, 0.6, 0)

(0.1, 0.6, 0.2) (0.4, 0.6, 0)

ug ‘s
(0.1,0.4,0.5) (0.1,0.4,0.2) (0.5, 0.3, 0.2)

Figure 1: Hesitancy Fuzzy Graph.

3. Hesitancy Double Layered Fuzzy Graph:

Let G : <(V,., 7B, (eij, Hys Vys35) >be hesitancy fuzzy graph with the underlying crisp graph G : (O'*, /J*) .The pair
HDL(G): <(V,., Hppi> Yoo B o) (€5 Mpras VoraPora) >is called the hesitancy doubled layered fuzzy graph and is defined as
follows. The vertex set of HDL(G) be<,uDLl, 7/DL1,ﬂDL1>, the fuzzy subset <,uDL|(u), Y (W), ﬂDLl(u)> is defined as

(@), 7, fW) if ueo
</,12(UV), 71(”")’ ﬂl(uv» lf MVG,U* .

relation (11,1, ¥prys Bpya) ON 0" U u” s defined as

<,uDLl(u), Vo (W), ﬂDLl(u)> = { where <,uDL1 + Yo +ﬂDL1>=1 then the fuzzy

(1) </uDL2(uV)5 7/DL2(uv)sﬂDL2(uv)> = <,L12(M,V), }/2(1/1,\/‘), ﬂz(u,v)> If u,ve O-* .

(i) <luDL2 ), ¥p2(uv), By, (“V)> = <:u2 (e)npy(e;), 7,(e)vy,(e)), By (e) n B, (ej)> if the

edge ¢, and e . have common node between them.

(iif) </uDL2 (uv), 7ppa2(uv), ﬂDLz(”V)> = </U1(”i) Ay (), 1)V y,(e), Bi(u)Ap, (ei)> if
u, € o and e € 4" and each e; is incident with single u; either clock wise or anticlockwise

(iv) <,uDL2(uv), yDLz(uv),ﬂDLz(uv)> = 0 Otherwise.

Example: 3.1.1
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V7 (0.3,0.6,0.1)

(0.5,0.3,0.2) y; 0.40402) V2(04,0.402)

v (0.3,0.6,0.1)
(0.2,0.6,0.1)

(0.5,0.3,0.2)":
(0.2,0.5,0.1)

(0.3,0.6,0.1)¢3" ¢ 55 0.6,0.05)

e;(0.4,0.4,0.2)

Figure 2: Hesitancy Double Layered Fuzzy Graph

In this example, by using the above mentioned definition we
have obtained the new graph called
Hesitancy double layered fuzzy graph. The vertex set

<,uDL, , }/Du,ﬂD“> denote the degree of
membership, non-membership and hesitancy of the element

V. €V and the edge set satisfies the

condition<yDL1 Vot ﬂDL1>:1'

Example: 3.1.2

o U is defined as <,UDL1(U), Yo (W), IBDLl(u)> =

Order HDL (G)

= Z <:uDL1(u)9 7o (W), IBDLl(u)>

ueV Uk

ie.= > op W)+ 0y, (u) =

uel’ uek

D), 7, BW) + D (v, ), Q)

uel’ uek
= Order (G) + Size (G).

1 (0.3, 0.5, 0.2)

(0.1,0.8,0.1) (0.3,0.7,0)

(0.1, 0.8, 0.1) s Uz (0.3, 0.7, 0)

(0.1, 0.8, 0.1) (0.3,0.7,0)

(02,07, 0.1) 4

U3 (0.3, 0.6, 0.1)
(0.2,0.7,01)

(0.2,0.7,0)
(0.1,0.8,0.1) Us ©3,07,0
V2
(0.1, 0.8, 0.1) (03,0.7,0)
(0.1, 0.8, 0.05)
(0.2,0.7,0)
0.2,0.7, 0.1 306 0.
(0.2,0.7,0.1) Ug® (0.2,07,0.1) f93.06,0)
(0.1, 0.8, 0.05) (0.2,0.7, 0.
(0.1, 0.8, 0.05) Vs
04,08, 0:1V4 (0.2,0.7,0.1)

Figure 3: Hesitancy Double Layered Fuzzy Graph

The vertex set <,uDL1, }/DLl,ﬂDL1> denote the degree of
membership, non-membership and hesitancy of the element
v.elV'  and the edge  set

condition<,uDL1 * Vow +ﬂDL1>:1'

satisfies the

4. Order, Degree and Vertex of HDLFG:

Theorem 4.10rder HDL (G) = Order (G) + Size (G), where
G is an hesitancy fuzzy graph.

Proof:
As the vertex set of HDL (G) is O U ﬂ* and the fuzzy

subset <,uDLl(u), Vo (W), ﬂDu(u)> on

(1), 7@, B W) ifues’
(1(uv), 7,@v), B (uv)) ifuve 4’
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Example 4.1.1 = uv uv uv)) +
(0.3, 0.6, 0.1) (0.5,0.2, 0.3) u;;/ <:u2( )9 7/2( )9 ﬂz( )>
us (0.3,0.6,0.1) U ’
PRV AL ACHRACH T ACHY ACHVYACH)
uev,g; ek
J'_
.3, 0.6, 0. (0.4,0.4,0.2)
o8 PIRVACHNACHN:ACH)
uev,e, ek
= The membership value of
o (04,0501 > Z </12 (e),r,(e), B, (el.)> will be less than the value
(0.4,0.5,0.1) (0.4,0.4,0.2) uev,g ek
of the
vertices then Z </12 (e),7,(e), B, (el.)> = Size (G)
uev,g ek
(0.3, 0.6, 0.1) (0.5,0.2,0.3)
u’ " (0.3,0.6,0.1) U2 = > (1, (uv), 7,(uv), B, (uv))
(0.2,0.6,0) (0.1, 0.4, 0.2) el
(0.3, 0.4, 0.1\ (0.2, 0.6, 0.1) V2(0.4, 0.4, 0.2) i.e. =Size (G) +
(0.3, 0.6, 0.1 (0.4,p.4, 0.2) > <ﬂz (e)npy(e)),7,(e) vy, (), By (e) A B (e, )>
uev,g; ek
(0|2, 0.6, 0) (0.2, 0.5, 0.1) + Size (G) =2 Size (G) +
PRV ACH IR CANACHIFACHY ACH VY ACHY
(0.4,0.5,0.1 0.4, b4,02) weve ek
Us 0.4,05,0.1) Us Hence proved.
(0.1, 0.6, 0.1) (0.3,0.5,0.1)
o (03,0501 y
(0.3, 0.6, 6.1) (0.4° 0.5, 0.1) Example 4.2.1
Figure 4: Hesitancy Double Layered Fuzzy Graph
Here in the parental fuzzy graph G : (0, ) V1 (0.1,0.7,0.2)
Order (G)=(1.7, 1.7, 0.7)
Size (G) =(1.2,2.1,0.7)
Order HDL (G) = (29, 3.8, 14) = Order (G) + Size (G) (0.1’ 0.8, 0_1) (0_1, 0.7, 0.2)
Theorem 4.2 Size HDL (G) = 2 Size (G) +
IR VAC I ACH R ACH I ACHN ACHIY:ACHY!
o0 <k (0.1,08,0.) w3 51 08, 0.0) V2(03,03,04)
where G is a hesitancy fuzzy graph andi, j € N .
y v, (0.1, 0.7, 0.2)
Proof: (0.1, 0.8, 0.1)
) (0.1, 0.8, 0.1)
Size HDL(G)= Z <,uDL2(uV), ¥ pra (UV), ,BDL2(UV)>
u,yeV VE 0.1, 0.8,0.1) (0.1)\0.7, 0.2)
= Z < w,(uv), 7,(uv), B, (uv)> + (0.05, 0.8, 0.1) 0.05,0.8,0.1)
u,velV’
(0.1, 0.8, 0.1%) 3,0.4)
PRV ACH A CANACH NG ACHY ACH VY ACHY ooy 2 07,0.2)
uev,e ekl .1, 0.0, U.
+ (0.1,0.8,0.1) e3 (0.1, 0.8, 0.05) ez (0.1, 0.7, 0.2)
Z <lu1 (ui) Ny (ej ); 7 (ui) V7, (e.i)’ 'Bl (ui) A ﬂZ (e.i)> Figure 5: Hesitancy Double Layered Fuzzy Graph

uev,e ekl
In the parental fuzzy graph G : (G , ﬂ)
164 |Page
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Size (G)= (0.3, 2.3,04) =282O+ Y (4E@)AE)LHEIVEELAEINEE))
> (mE)rme)nEIvVAC)LAECALE)=

(0.2, 2.35,0.25)
And Size HDL(G) = (0.8, 6.95, 1.05)

Let G be an hesitancy fuzzy graph then

Ao+ 40) A (€)1 150 AW ABE)) ifuec
Doo®=) S (1e) mtsle) 120V 70 Bile) A Ble) +{ 14 (0) Ats(e) 710V 72 ) AW AAE)

¢.e;ep”
Proof: Example 4.3.1

Let d;(u) = [Z 1), Y 7, (w,v),Y ) B (u, V)j V7 (0.1,05,0.4)

ugV ugl ugV

Case 1: Let UEOT then

dHDL(G) (w)= Z<IUDL2 W, V), 752 (U, V), By, (U, V)>

uglV

(0.1,0.5, 0.4) (0.1,0.5, 0.4)

= D (1, (W), 7, (W, v), By (u, v)) + (02,03,0.5) v3™ 05 04 04) V2(0.2,0.4,04)
ugV

(W) A (), 1 W)V 75(e), Bi() A Bo(e))

V1 (0.1, 0.5, 0.4)
Since in Z< 1w, v),7,(u,v), 5 (u, V)> the vertices

(0.1, 0.5, 0.3)

ugV €1(0.1, 0.5, 0.4)
which are adjacent in G are also adjacent in HDLFG.
_ 0.1,0.5, 0.4 0.1)\0.5, 0.4
= dHDL(G) (u)= ( ‘) ( )
0.05, 0.5,0.3)
dg W)+ () A (), 7, W)V 7,(e), B (W) A B (e,))
0.2,0.3,0.5) 404
. V3 s Ue )
, 0.4,0.1)
(0.05, 0.8, 0.
Case 2: Let WE 4 then (0.1,08,0.0€ (1 e 01y e:(02,04,0.4)
dHDL(G) (w)= Z </uDL2 W, V), 752 (W, V), By (u, V)>
uel’ Figure 6: Hesitancy Double Layered Fuzzy Graph
- Case 1:
</12 (€A 1(e)),75(e) v 12(€)). Br(€) A B, (e.i)> * LetV, € Oy, ,since v, € 0 that is the node set of the
Hpr (u /o e,.) = parental graph G.

(1) A ()72 (@) 720 ) ale) A Bale )+ (W) A (e )7 () v 7a(e ) Bu) A Bie)) Then the degreed,,, (v,) = (0.3, 1.5, 1.1), where
d(v,)=(0.2, 1.0, 0.8) and
(@) AuE) @) viE)Au)ABE) =01 05 03),
0,1y (1) =) H W) A4 KV AE)L AW ABE)

ie.= (0.2, 1.0, 0.8)+ (0.1, 0.5, 0.3)=(0.3, 1.5, 1.1).
Case 2:

Lete, € Uy, ,sincee, € 1", the edge set of the parental
graph G. Then the degree d,,, (¢,) =(0.2, 1.5,0.7) =
(H@AEIKEIVEELBRINE) HHWAUCHWIVERLAWAEE)
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5. Hesitancy Triple Layered Fuzzy Graph: Example 5.1
(0.3,0.6,0.1) (0.5,0.2,0.3)
_ U (0.3,0.6,0.1) U
Let G: <(Vi9/11’71»:81)’ (eij’ Hiys Vs »182) >be hesitancy
fuzzy graph with the underlying crisp graph G : (G ' , ,u*) .
The pair (03, 0.6,0.1) (04,0.4,0.2)
HTL(G) : <(Vi’/uTL1’7/TL1’ﬁTL1)’ (ei/" lLlTLZ’ yTLZ’ﬁTLZ) >
is called the hesitancy triple layered fuzzy graph and is
defined as follows. The vertex set of HDL(G)
u, _ (0.4,05,0.1) Us
be< Lasis Vorrs Bt >’ the fuzzy subset (0.4,0.5,0.1) (0.4,0.4,0.2)
<IUTL1 W), 7, (W), B, (u)> is defined as Figure 7: Hesitancy Triple Layered Fuzzy Graph

(4@, 3w, Aw) if ued’

. « In this example, by using the above mentioned definition we
<2'Lé(w)’ 271(”‘))’ 216(”‘))) ifwep . have obtained the new graph called

where < Loy + Vo + B >=1 then the fuzzy relation Hesitancy Triple layered fuzzy graph. The vertex set
<,UDL1 > Vpris ﬂDL1> denote the degree of

membership, on-membership and hesitancy of the element

1) AS V' and the edge set satisfies the

<:urL2 V), 7y, v), :BrLz(”V)> = <;12(u,v), 7,(u,v), ﬁz(uav» condition <uDL1 + Vou + Bowu > =1.

if u,veo".

(@, 700, B@)) =

<,uTL2, }/TLZ,ﬂTL2> on 0" U " is defined as

Note 5.2

(i) Order, degree and size of hesitancy triple layered fuzzy
< Lo D), 7y, ﬁzz(“")) = < wenue), ne)vne) B /;(e)> graph can be derived by using the condition defined for

/ ! 7" hesitancy double layered fuzzy graph.
if the edge e, and e j have common node between them.

(iii) Conclusion:

<’Lﬁ2(w)’ Va0, ﬁu(uv» :<'L{(u’)/\'%(e’)’ Ra)vre). ﬁ(u’)/\@(e’» In this paper we have introduced hesitancy double layered

if u,eo "and e € 4" and each e, is incident with single fuzzy graph and triple layered fuzzy graph. We have also
discussed about its order, degree and size. This can be further

u, either clock wise or anticlockwise extended to study the condition of hesitancy double layered

fuzzy graph to be balanced.
(iv)
(14000 700 B0 ={ ) via@), 7 Virte) ) ABLE)
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