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1. Introduction

In 1940, Ulam [31] posed the famous Ulam stability problem.
In 1941, Hyers [16] solved the well-known Ulam stability
problem for additive mappings subject to the Hyers condition
on approximately additive mappings. He gave rise to the
stability theory for functional equations. In 1950, Aoki [2]
generalized Hyers' theorem for approximately additive
functions. In 1978, Th.M. Rassias [25] provided a generalized
version of Hyers for approximately linear mappings. In
addition, J.M. Rassias [24, 27] generalized the Hyers stability
result by introducing two weaker conditions controlled by a
product of different powers of norms and a mixed product-sum
of powers of norms, respectively. In 2003, V. Radu [23]
proposed a new method, successively developed in [11, 12] to
obtain the existence of the exact solutions and the error
estimations, based on the fixed point alternative.

Intuitionistic fuzzy sets and Intuitionistic fuzzy metric spaces
are studied in [7] and [22], respectively. The concept of
intuitionistic fuzzy Banach algebra has been introduced by
Bivas Dinda, T.K. Samanta and U.K. Bera [14].

In this paper, we prove the generalized Ulam-Hyers stability
of quadratic reciprocal functional equation

f) ()
FO+ D) +2J () f(»)

Sfx+y)=
(1.1)

associated with intuitionistic fuzzy homomorphisms and
intuitionistic fuzzy derivations in intuitionistic fuzzy Banach
algebras using Radu's fixed point method.

2. Definitions On Intuitionistic Fuzzy Banach
Algebras

Now, we recall the basic definitions and notations in the
setting of intuitionistic fuzzy Banach algebra.

Definition 2.1 A binary operation * : [O,l]x [0,1] - [O,l] is
said to be continuous f-norm if * satisfies the following
conditions:

. * is commutative and associative;
. * is continuous;

1

2

3. a*1=q forall ae[O,l];

4. a*b<c*d whenever a <c and b <d forall
a,b,c,de[O,l}

Definition 2.2 A binary operation ¢ : [O,I]X [(),1] - [0,1] is

said to be continuous f-conorm if ¢ satisfies the following
conditions:

1 ¢ is commutative and associative;

2. ¢ is continuous;

3. a®0 = q forall ae[O,l];

4 a®b < cOd whenever a < ¢ and b < d forall
a,b,c,d e [0,1].

Definition 2.3 [14] Let * be a continuous f-norm, ¢ be a
continuous  — conorm, and A be an algebra over the field &k
(= R or C). An intuitionistic fuzzy normed algebra is an

object of the form (A,,u,v,*,()) where u,v are fuzzy sets

on V' xR*, u denotes the degree of membership and v

denotes the degree of non-membership satisfying the

following conditions for every x,y € 4 and s, €R";
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s u(x,t)+v(x,t) <1,
¢ /’l(xﬁt)> Oa
* u(x,t)=1,ifand only if x =0.

t
o wlax,t)= y[x,ﬁj foreach a # 0,
a

s pu(x, ) * pu(y,s) < pu(x+y,t+s),

e max {(x, 1), 1(y,5)} < u(xp,t+5),

*lim p(x,0) = 1 and lim p(x,1) =0,
-

—w
e v(x,t)<l,
*v(x,t)=0,ifand only if x=0.
t
« v(ox,t)= V(X,WJ foreach a # 0,
a
cv(x,)ov(y,s)2v(x+y,t+s),
* max {v(x,t),v(y,s)}z v(xy,t+s),

« limv(x,£) =0 and lim v(x,)=1.
t—o t—0

Example 2.4 Let (A,

”) be a intuitionistic fuzzy normed

algebra. Let a*b=ab and a0b= min {a +b,l} for all
a,be[0,1].Forall x € 4 andevery t > 0, consider

if t>0;

p(x,t) =<1+ ||x|| and

0 if t<0;
L IR

V(50 =11+ ’
0 if t<0.

Then (A, 7R85 ()) is an intuitionistic fuzzy normed algebra.

Definition 2.5 A sequence {xn }n in an intuitionistic fuzzy
normed algebra (A, ,u,v,*,()) is said to converge to x € 4
if for given r>0,f>0,0 <r <1, there exist an integer
n,eN

U(x, —x,t)<r forall n2>n,.

such  that H(x, —x,t)>1-r and

Definition 2.6 In an intuitionistic fuzzy normed algebra
(A,,u,v,*,O), a sequence {X, } converges to x € A4 if

lim #(x, —x,t)=1 and limVv(x, —x,t)=0 for all
n—»oo n—»0
IF

t > 0. In this case, we write X, >X as n— .

Definition 2.7 A sequence {xn}n an intuitionistic fuzzy
normed algebra (A,,u,l/,*,O) is said to be Cauchy

sequence if lim p(x,,, —x,,1) =1 and

n—>0

1imv(x”+P —x”,t)Z 0 forall te R, p=1,2,---.

n—>on

Definition 2.8 An intuitionistic fuzzy normed algebra

(A,y,v,*,()) is said to be complete if every cauchy

sequence in A converges to an element of A .

Definition 2.9 A complete intuitionistic fuzzy normed algebra
is called intuitionistic fuzzy Banach algebra.

Theorem 2.10 In an intuitionistic fuzzy normed algebra
(A,,u,v,*,O) two sequences {xn}n and {yn}n be such

Yo Y

Hereafter, throughout this section, assume that A is a linear

that X, > X  and then X,y, > X).
space, (A', ,u',l/') is an intuitionistic fuzzy normed algebra

and (B 7R V) an intuitionistic fuzzy Banach algebra.

Definition 2.11 A C -linear mapping H : A — B iscalled a
quadratic reciprocal intuitionistic fuzzy Banach

homomorphism if H(xy) =H(x)H(y) forall x,ye 4.

Definition 2.12 A C -linear mapping D : 4 — A is called a
quadratic reciprocal intuitionistic fuzzy Banach derivation if

I 1
D(xy) =D(x)—+—5D(y) forall x,ye 4.
y X
Here, we present the upcoming result due to Margolis and

Diaz [19] for fixed point theory.

Theorem 2.13 [19] Suppose that for a complete generalized
metric space (2,0) and a strictly contractive mapping

T : Q) — Q with Lipschitz constant L . Then, for each given
x € Q) , either

d(T"x,T""'x)=0 ¥V n>0,

or there exists a natural number 7, such that

(FP1) d(T”x,T"“x) <oo forall n2n, ;

(FP2) The sequence (T ”x) is convergent to a fixed to a fixed
point y* of T

(FP3) y* is the unique fixed point of 7 in the set
A={yeQ:d(T"x,y)<o};

(FP4) d(y",y) < ﬁd(y,Ty) forall y € A.

3. Intuitionistic Fuzzy Banach Algebra Stability
Results

In this section, we investigate the generalized Ulam-Hyers
stability of the functional equation (1.1) connected to
intuitionistic fuzzy homomorphisms and intuitionistic fuzzy
derivations in intuitionistic fuzzy Banach algebras using
Radu's fixed point method.

Theorem 3.1 Let f: A — B be a mapping for which there

exists a function P: Ax A — A' with the conditions

144 |Page
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limar (P(s"x.6!v).1) =1,
li_IgVI(P(ana gi”y) ,t) =0

3.1)
forall x,y € A andall £ >0 where

if i=0

1
$ =12
2 if i=1

(3.2)

and satisfying the functional inequalities

S(x)f(y)
U fx+y)- ,t
[ f@+ (N +2Jf®) () J
> ,u'(P(x,y),t)
o £SO t
g [f (e f(x)+f(y)+2\/f(x)f(y)’]
> y'(P(x,y),t)
o £/ () t
V(f N f(x)+f(y)+2\/f(x)f(y)’] (3.3)
SV’(P(x,y),t)
and

1(f ) = Fft)2 ' (P(x.3).t),
v () =SS ),1) <V (P(x,¥)1)
(3.4)

for all x,y € A and all £> 0. If there exists L = L(i)
such that the function

X X
=pl ==
$(x) [2,2}
(3.5)

has the property

ﬂ'(LgiZ@(giX),t)= ,u'(go(x),z)}

V'(Lgfp(g,-x),t)= V'(p(x),2)
(3.6)

for all x€ A and all >0, then there exists a unique
quadratic reciprocal homomorphism H : 4 — B satisfying the

functional equation
(1.1) and

1-i
u(f(x)—H(x),t)z//[p(x),f_ Ltj

1-i
v(f(x)—H(x),t)< v'[p(x), 1L— ; tj

3.7

forall x€ 4 andall £t >0.
Proof.

Consider the set

A={h|A— B, h(0)=0}
and introduce the generalized metric on A,
d(h, f)
Le(0,0):
=infq [ u(h(x)— f(x),t) > t'(9(x),Lt),x € A,t > 0] ¢. ;
{v(h(x) - f(x),0) <V'(pp(x),Lt),x € A,t >0 }

8)
It is easy to see that (3.8) is complete with respect to the

defined metric. Define J : A — A by Jh(x) = ¢ h(s,x),
forall x € 4. Now, from (3.8) and /, f € A
p(h(x) = f(x),1)

> u'(p(x),t),x e A4,t >0}
(57 h(g,%) = f(%),0)

2 /u,(t@(gix),%]rx € A7t > 0}
Si

;u(gizh(gix) - gizf(gix)at)

> u'(p(x),Lt),x € A,t >0}
H(Jh(x) = Jf (x),1)

> ' (p(x),Lt),x € A,t >0}
V()= £(0).0)
<v'(gp(x),1),x€ A,t >0}

V(s h(g:x) =g} f(5,%),t)

inf4 L e(0,00):

< V'[go(gix),%}x e A,t>0}

V(i h(6ix) =&} f(5%).1)
<vV'(g(x),Lt),x € A,t >0}

v(Jh(x) = Jf (x),1)
<v'(p(x),Lt),x € 4,t >0}

This implies J is a strictly contractive mapping on A with
Lipschitz constant L .

Replacing (x, y) by (x,x) in(3.3), we reach

145|Page
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1€ (0,00):

u(f @)~ L&

4

v(f(2x) —%,t) < v'(P(x,x),t)

inf )= ,u'(P(x,x),t)

(3.9)

forall x € A and all £ > 0 . Now, from (3.9) and (3.6) for the
case [ =0, we reach

utr -2

> y'(P(x,x),t)

H@Ef(2x) = f(x),1)
, ‘

>u (P(x,x),zj

u(Jf (x) = f(x),0)
> 41/ (p(x),Lt)

inf{Ll"O € (0,0) :}

v(f -2 S‘) 0

< v'(P(x,x),t)
v(4f(2x)— f(x),1)

< v'(P(x,x),ij

v(Jf (x) = f(x),1)
<v'(g(x),Lt)

inf{Ll’0 € (0,0) :}

(3.10)
for all x € A and all ¢ > (. Again by interchanging x into

X
E in (3.9) and using (3.6) for the case i =1, we get

L™ €(0,0)

#(f(x)—%f(%j,t)zﬂ'(P( gjtJ

inf {4 (0) = I (0).0) 2 ' ().t

v(f(x)—%f(gj,t) < V'(P(%,%j,t}

v(f(x)=Jf (2,0 <v'(p(x),1)

| =

~— N

(3.11)

forall x € A and all ¢ > 0 . Thus, from (3.10) and (3.11), we

arrive

L e(0,0):
inf {/J(f(X) —Jf(x),0) > 1 ((), Ll"‘z),}
V(f () = JF (x),0) < V'((x), L't

(3.12)

forall x € A and all ¢ > 0 . Hence property (FP1) holds.
By (FP2), it follows that there exists a fixed point A of J in
A such that

mﬂ(g?”f (¢/%) - H(x).t)=1,

timv (6" (¢/x) = H(x).1) =0

n—0

forall x € A andall t > 0.

In order to prove H:A— B
replacing (x, y) by (gl."x, s y) and multiplying by gizn in
(3) and using the definition of H(x) , and then letting
n — oo, we see that /1 satisfies (1) forall x,y € 4 and all
t> 0. So it follows that

u(H (xy) - H(x)H(y),1)

= u@" (HQ"x2"y) - HR"x)H (2" )),2""1)

is quadratic reciprocal,

> (' (P(2"x,2" y),0),
v(H(xy)—H(x)H(y),t)
=v2" (HQ"x2"y) - HR")H (2" y)),2""1)

<V'(P2"x,2" ),t)
for all x,ye A and all £>0. Letting n — © in above
inequalities, we obtain

H(H (xy)— H(x)H (y),1) =1, }
v(H (xy) -H(x)H(y),1) =0

for all x,y€ 4 and all £>0. Hence H is a quadratic
reciprocal homomorphism.

By (FP3), H is the unique fixed point of J in the set
A={HeA:d(f,H)<owo},H is the unique function
such that

p(f ()= H(x),0) > 4 (p(x), L"),
v(f(x) = H(x),) <V'((x), L7'7)
forall x € A andall ¢ > 0. Finally by (FP4), we obtain

u(f(x)—H(X),t)Zﬂ'(sO(x), - rj,

t
1-L

forall x € A andall £ > 0. So, the proof is complete.
The following corollary is an immediate consequence of
Theorem 3.1 which shows that (1.1) can be stable.

V(f(x)—H(x),t)SV'(so(x),L—_l j

146 |Page
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Corollary 3.2 Suppose that a function f: 4 — B satisfies
the double inequality

S(x) /()
ﬂ{f(X‘F)/) f( )+f(y)+2 f(x)f(y \J

#(2.1),

(A1 +1010)-): £%-2
>

# (A1), (%1

({111 (PP ) £

V(f(“y) T O TG j
V' (A.1),
v(A(IxI 1 1)1), 0#-2
SR I ), r%-1
V(A (PP ), e
)

(3.13
and

p(H(xy)—H((x)H(p),1)

y’(/i,t),

# (A0 +1210)02),

A (A=),

(A1 I+ (e P+ 1017
v(H(xy)~ HOH (y),t)

V'(A,1),

v(A(1x 1 +121)ut),

V(A1 ),

V(A (P ),

for all x,ye A and all £>0 , where A,/ are constants

\

IA

with 4 > 0. Then there exists a unique quadratic reciprocal
homomorphism H : 4 — B such that the double inequality

# (Pl .1)

(f() H()l)> ﬂ'2|22—2‘(?|,1”x”/’2et)
H x)—H(x),t)>

v

V(

1)

f(0)=H(x),t)<

xe Aandall £>0.

Proof. Set

/L[,

n n t
P(g/'x,g; y),z,,j
S

#(A,67),

2 (A + 1w 1),6 ),
f (AN I e7),

2 (A4

(1P I )} e),

—las k— o
—las k— oo
—las k— oo

—las k— o

’ n n t
v [P(gi X,G; y),gz,,j

v(2.7),
vV(A(IEI 1)),
V(AT
v(A{ I
(P + 1 1P )},

—>0as k>
—>0as k— o
—>0as k— o

—>0as k— oo

V(2122 =27 A xIl 2"
V;(| 92 _ o2 WA x||2€,22/'t)
(

holds for all

V! 3|22_272€ |Z|‘x||2/,22€t)

(
(

#1227 |2, 2%)
(

(3127 =274 x||”,2”t) forall x € A and all £ > (. Thus, the relation (3.1) holds. It
follows from (3.5), (3.6) and (3.13), we get
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w'(A,t),

'[p(i fj t): ' (2201x.2'),
22 ) (Al xIP,2%e),
(

# (341X, 2%e),

!

14

(Z.0),

Cx vi(24 1 xIl',2'),

V'[P(E’Ej’tj: v(AlxIP,270),
(

vI(3A11x P, 2%)

forall x,y € A andall £ > 0. Also from (3.6), we have

Allx P 622),
32| g ),

U

o'
1 (7 ().t ) =

o

o

(
v'(24 0 x]67 ),
V(ip(sx)t) = E ’ )

V(AP ),
V(320 x5 )
for all x € A and all > 0. Hence, the inequality (3.7) is

L i=0 L i=1

(1 27 0 22 0

true for @2) 27 /<2 92+ />
(3) 277 r<-1 |
4) 277 < -1 2% >,

(£ () - H(x), r)>u(so<x) 12_2_2 J

t
= 4 ﬂ/’_
”( 3)

v(f(x) - H(x).1) < V'(p(x),lszj

t
—u| A,
g ( 3)
for all x€ A and all £> 0. Also, for condition (1) and

i=1, we get

H(f()=H(x),t)2 ﬂ'(@(x),ﬁ

v(f ()= H(x),1) < v'(go(x),#

for all x € A and all #> 0. Again, for condition (2) and
92t
)
2't
=i 22| x| ;=
p { x| (22_2f)J
92~
2 -2-/ tJ
2't
22 _27/,)

=V'[2/1||x||‘,(

for all x€ A and all £> 0. Also, for condition (2) and

i =0, we obtain

u(f ()= H(x),t)2 1 [SO(X)

v(f()-H(x)t)<v (@(x)

i =1, we arrive

u(f(x)=H(x).t) u(so(X) 22+,j

y'[z , ]
(

v(f(x)-H(x),t)<v'| p(x), 22+,j

2t
_VM ||,2_{_22]

forall x € A and all £ > 0. The rest of the proof is similar to
that of previous cases. This finishes the proof.

The proof of the following Theorem 3.3 and Corollary 3.4 is
similar lines to the Theorem 3.1 and Corollary 3.2.

Theorem 3.3 Let f: A — A be a mapping for which there

exists a function P: Ax A —> A' with the double condition
11_1}1//(P(gi”x, gl.”y),t) =1,

(3.14)
timv'(P(s/%.677).¢) =0
forall x,y € A andall £> 0 where
.. .
c =i 1 =0 (3.15)
2 if i=1
and satisfying the double functional inequality

i £SO [
”(f(“y) F@+ S+ 2 fD ) ]

Z,u'(P(x,y),t)

S t}
f)+ N +2Jf 0 ()

SV'(P(x,y),t)

V[f(x+y)—
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(3.16)

And

ﬂ(f(xy) e - %f(y),t] > 4/ (P(x, y),1)
d (3.17)

V[f(xy)—f(X)%—x%f(y),thV'(P(x,y)»f)

forall x,y € A andall > 0. If there exists L = L(i) such
that the function

X X
=P =,=| 3.18
§(x) (2 2) (3.18)

has the property

1 (Lsip(sx),t) = 1 (9(x),1),

i (3.19)
! _ !

V'(Lglp(gx)t) =V (p(x).1)

for all x€ A and all >0, then there exists a unique

quadratic reciprocal derivation D: A4 — A satisfying the
functional equation (1.1) and

u(f(x)=D()1)> u'[so(x), IL_lLtj,

1-i

v(f(x)—D(x),1) < V,(p(x)’ll;[,t] (3.20)

forall x € A andall t>0.
Corollary 3.4 Suppose that a function f : 4 — A satisfies
the inequalities (3.13) and

u[D(xy)—D(x)%—x%D(y),rJ

,u'(/'t,t),

# (A1 + 1)),

w (A=l ),

(A1 + (1 1P ),

\2

v[D(xy)—D(x)ﬁ—x—iD(y),zJ
V'(4,t),

V(A0 +110)),
V(AN Ife),

!

IA

V(A i (P 1)),

for all x,y€ 4 and all £>0 , where A,/ are constants

with 4 > 0. Then there exists a unique quadratic reciprocal
derivation D : A — A such that the inequalities

(132:0)

MU

# (212 -2 4] 2l 2')
#(f()=D(x).1)2

MU

MU

(
'(| 22 _ 92t |ﬂ,||x||21‘/,22(/l‘)
'(3|22_272(/ |i||x||2(/,2”t)

Vl

3 4.1)

V(2122 =27 Alx],2')
v(f(x)—D(x),t)S

(

(
Vr(| 22 _ 2 |2l x||2/',22/'t)
V(312 =27 [ Al x|, 27)

holds forall x € 4 andall t > 0.
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