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RESEARCH ARTICLE

1. Introduction

In 1975, Rosenfeld [46] introduced the concept of fuzzy
graphs. The fuzzy relations between fuzzy sets were also
considered by Rosenfeld and he developed the structure of
fuzzy graphs.The complement of a fuzzy graph was defined by
Mordeson and Nair [35] and further studied by Sunitha and
Vijayakumar [48].In 1965, Zadeh [52] introduced the notion of
a fuzzy subset of a set as a method for representing uncertainty.
In 1994, Zhang [57,58] initiated the concept of bipolar fuzzy
sets as a generalization of fuzzy sets. Bipolar fuzzy sets are an
extension of fuzzy sets whose membership degree range is [-
1,1]. In a bipolar fuzzy set, the membership degree 0 of an
element means that the element is irrelevant to the
corresponding property, the membership degree (0,1] of an
element indicates that the element somewhat satisfies the
property, and the membership degree [1,0) of an element
indicates that the element somewhat satisfies the implicit
counter-property. Although bipolar fuzzy sets and intuitionistic
fuzzy sets look similar to each other, they are essentially
different sets [28]. In many domains, it is important to be able
to deal with bipolar information. It is noted that positive
information represents what is granted to be possible, while
negative information represents what is considered to be
impossible. This domain has recently motivated new research
in several directions. The complement of a fuzzy graph was
defined by Mordeson and Nair [35] and further studied by
Sunitha and Vijayakumar [48]. Bhutani and Rosenfeld
introduced the concept of M-strong fuzzy graphs in [10] and
studied some of their properties. The concept of strong arcs in
fuzzy graphs was discussed in [12]. Recently, Akram [2] has
introduced the notion of cofuzzy graphs and investigated
several of their properties. Shannon and Atanassov [48]
introduced the concept of intuitionistic fuzzy relations and
intuitionistic fuzzy graphs, and investigated some of their
properties in [49].

In this paper, Mr.J.Jon Arockiaraj and N.ObedIssac introduce
the notion of TPFG describe various methods of their
construction, discuss the concept of isomorphism of these

graphs, and investigate some of their important properties. We
then introduce the notion of strong TPFG and study some of
their properties.

2. Preliminaries

Definition 2.1. A graph is an ordered pair G*= (V,E), where V
is the set of vertices of G*and E is the set of edges of G* Two
vertices x and y in an undirected graphG*are said to be
adjacent in G*if {x,y} is an edge of G*. A simple graph is an
undirected graph that has no loops and no more than one edge
between any two different vertices.

Definition 2.2: Consider the Cartesian product G'= G,'xG,'=
(V, E) of graphs G,'and G,". Then V = V; x V,and E =

{(x,x2)(x,y2) | x1 €V1,% y» €Ex} D{(x1,2)(y1,2) | €V2,x1y1 €E ).

Definition 2.3: Let G*= (V;, E;) and G, = (V,, E,) be two
simple graphs. Then, the composition of graph G, with G,'is
denoted by G, [G, 1= (V| x V,, E°), where E°= E U{(x,,x,)
(Y1,¥2) | X1¥1 egl,ngt y»} and E is defined in G, xG,". Note that
G/1G,1# G, [Gi']

Definition 2.4: The union of two simple graphs G, = (V,, E,)
and Gz* = (V,, E,) is the simple graph with the vertex set V,
UV, and edge set E; U E,. The union of Gl*and Gz*is denoted
by G'=G,UG,=(V,;UV,, E UE,).

Definition 2.5: The join of two simple graphs G,"= (V,, E;) and
Gy'= (Va, By) is the simple graph with the vertex set V;U V,
and edge set E, U E, U E/, where E'is the set of all edges joining
the nodes of V;and V,and assume that V|, n V,# @,. The join
of G and G, is denoted by G= G )G,=(V; UV,, E{UE, UE)).

Definition 2.6: An isomorphism of the graphs G,"and G,'is a
bijection between the vertex sets of G, and G, such that any
two vertices v; and v, of Gl*are adjacent in Gl*if and only if
f(v1) and f(v,) are adjacent in G, . If an isomorphism exists
between two graphs, then the graphs are called isomorphic and
we write G, ~ G,". An automorphism of a graph is a graph
isomorphism with itself, i.e., a mapping from the vertices of the
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given graph G’ back to vertices of G such that the resulting
graph G is isomorphic with G

Definition 2.7: The complementary graph G* of a simple graph
has the same vertices as G*. Two vertices are adjacent in G*if
and only if they are not adjacent in G .

Definition 2.8: A fuzzy subset p onaset Xisamap p: X —
[0,1]. Amap v : X xX — [0,1] is called a fuzzy relation on X if
v(x,y) < min (u(x),u(y)) for all x, y €X. A fuzzy relation m is
symmetric if v(x,y) = v(y,x) for all x, y €X.

Definition 2.9: Let X be a nonempty set. A TPF set B in X is
an object having the form

B = {(x, n"(x), n"(x), b (x) )x €X/u (x)= n"(x)+p"(x), where
[is P or N},

where p*: X — [0,1] and p™: X — [-1,0] and p : X — [-1,1]
are mappings.

We use the positive membership degree u"(x) to denote the
satisfaction degree of an element x to the property
corresponding to a Tripolar fuzzy set B, and the negative
membership degree p™(x) to denote the satisfaction degree of
an element X to some implicit counter-property corresponding
to a Tripolar fuzzy set B and the positive or negative degree p
(x) to denote the satisfaction degree of an element x to some
properties corresponding to a Tripolar fuzzy set B.If p"(x) # 0
and pN(x) = 0 and p' (x) = 0,it is the situation that x is regarded
as having only positive satisfaction for B. If pn"(x) =0 and p"(x)
# 0 and p (x) = 0,it is the situation that x does not satisfy the
property of B but somewhat satisfies the counter properties of
B. If u(x) =0 and p™(x) = 0 and p (x) # 0, it is the situation
that x is satisfy the some properties of B.

It is possible for an element x to be such that p’(x) #0 and
u(x) #0 and p (x) # 0, when the membership function of the
property overlaps that of its counter property over some portion
of X. For the sake of simplicity, we shall use the symbol B =
(uP, uN, p )for the Tripolar fuzzy set, B = {(x, pP(x), pN(x), n
(x))|x €X'}, where p (x)=pP(x)+pN(x) and[Jis P or N.

Definition 2.10: For every two TPF sets A =(u"4, MNA, p- )and
B =(u"sug u ) in X, we define

1. (ANB)X) = (min (1 (x)us(x) ), max (s 0x) ),
minmax ( p%s(x),1"p(x))).

2. (AUB)(X) = (max (A0, 1"(x) ), min (N (x)0(x) ),
maxmin ( p™a(x),175(x)) ).

Definition 2.11: Let A=(u" ,u™s 1 4) and B=(u"p,u g1 5)
be Tripolar fuzzy sets on a set X.

If A=(u"s, pNa o )is a TPF relation on a set X, then A=(u"s
,uNA,u p)is called a TPF relation on

B =(u'p,up pp) if

uAls y) S min (0p(x), w5 (y) and e (1)

AR, y) 2 max (u"p(x), pip(yDand  eeeeeee )
woaxy)  minmax(u’s (x), pNp (y))------- (3)for all x, y €X.
{Since, pPA(zé, y) and pNA(x, y) is Zero.

From (1) and (2) We have,

:mipn ( HPB(X'), T (Y)P) 202> max ( HNBISJX), 1 B(y))s

= 1 a(y) Zminmax (us(x), 1 s(Y)) = 1a(X),
=paly), 1 A(x).zmlnma); (n B(X%\; 1B(Y)),

2pa (x,y)  minmax (kg (x), p g (¥)----03)}

A Tripolar fuzzy relation' A on X is called symmetric if
A%, y) = pPA(Y, x) and

HNA(x )= pNA(ys x) andfor all x, y X.

Throughout this paper, G will be a crisp graph, and G a TPFG.
3.Tripolar Fuzzy Graphs

Definition 3.1. A TPFG with a underlying set V is defined to
be a pair G = (A,B) where A = (u"5,u",1 a)is a TPF set in V
and B = ("1™, 1 'p)is a TPF set in E € V xV such that

1s ({x,yN< min( p"a(x), pa"(y) ) and pg ({x,y }) > max( p"a
(x), na"(y))

b s(fx,y 1)_minmax(u’a(x)u™a(y) ) for all {x,y} €E.

We call A<the TPF vertex set of V, B the TPFedge set of E,
respectively. Note that B is a symmetric TPFrelation on A. We
use the notation xy for an element of E. Thus, G = (A,B) is a
TPFG of G = (V,E) if

u"p(xy) < min (p°A(x), u'a(y) ) and

uMp (xy) > max (u"a (x), p¥a (y) ) and

i g (xy)> minmax(u’s (x), u"s (y) ) for all xy €E.

Example 3.1:Suppose a graph G'=(V,E)such that
V={x,y,z} ,E={xy,yz,zx. Let A=(pPA,pNA,u a) be a TPF subset
of Vand let B = (uPB,uNB, p ) be a TPF subset of E € V xV
defined by

X y z
wal 06 03 05 y
N
- - - X
B oA 0024 _(())36 -(()); (0.6,-0.4,0.2) 0.3, -0.6, -0.3)
Kt oA : : : (0.2,-0.3,- 0.1)

Xy yz zX

u'a | 02 02 03

Wy |03 04 _ (0.3,-0.2,0.1
0.2

noa | 0.1 - 02
0.1 z

(0.2,-0.4,-0.2)

Fig:3.1
Graph G is a Tripolar fuzzy graph

(0.5,-0.7,- 0.1)
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Definition 3.2 Let A; = ( uPA1, HNAla U oar)and Ay= ( uPAz, MNAz, W a2 ) be Tripolar fuzzy subsets of V,and V,and let B, = (
uP B1,MNBl, W g1) and B, = (Hpsz, MNBz , L p2) be Tripolar fuzzy subsets of E, and E,, respectively. Then, we denote the Cartesian
product of two Tripolar fuzzy graphs G; and G, of the graphs G; and G, by G| x G, (A;x A,, B;x B,), and define as follows:

() (HPAl X HPAz ) (X1,Xz) =min (HPAl(Xl)aHPAz(Xz))

(a1 % 1Na0) (x1,%2) =max (N a1(x1),1" ax(%2))

(M A1 poa2) (x1,%2)  =minmax (L ai(X)),0 ax(X2)) for all (x4,x,) €V,

(i) (HPBl x MPBz ) (X,x2)(X,¥2) =min (HPAl(X)aHPBz(Xz}’z) )

(MNBl x HNBz) (x,x2)(X,y2) =max (HNAI(X)aHNBZ(XZYZ) )

(b B XK B2) (X,X2)(X,y2) = minmax(p ai(X),1 BaAXzy2) ) forall x € V1, for all (x2,y2,) €E;
(iii)(HPAl X MPAz) (x1,2)(y1,2) =min (HPBl(Xl,Yl),MPAz(Z))

(a1 x pMa2) (x1,2)(y1,2) = max (WNpi(x1,y1),n N ax(2)

(IJ' BI X M BZ) (Xlaz)(YbZ)

=minmax (1 pi(X,y1),n ax(z)) forall (x;,y;) €E,

Proposition 3.1: If G, and G, are the Tripolar fuzzy graphs,then G,xG, is a Tripolar fuzzy graph.

Proof: Let x €V}, X,y, €E,. Then we have

(HPBIXMPBZ)((XIXZ)(XIYZ)) = min (HAPI(X)IHBPZ(XZYZ)
<min (" 51(x),min(p’ a2(x2), 1" a2(y2))

= min (min (HApl (X);MPAz(Xz)), min(uAPI(X):HAPZ(yz)))

= min((HAplqupl)(Xlxz),(MAplxllApl)(X;Yz))

(HNBlXMNﬁz)((X,Xz)(X:h)) = max (HNAl(X);MNBz(Xz}’z)

(0 Bixp B)((X,X2)(X,y2))

Letz €V2, X1Y1 EE].
(MPB1XMPBz)((Xl,Z)(Yl,Z))

(HNmXHNBz)((XbZ)(YbZ))

(0 Bixp B)((X1,2)(y1,2))

This completes the proof. o

Definition 3.3

>max (1 a1(x),max(p™ a(x2), 1™ a2(y2)))
= max (max (HNAl (X)'HNAz(Xz)), maX(MNAI(X):HNA2(y2)))
= maX((uNAlXHNAI)(X'XZ)I(HNAIXHANI)(XIYZ)))
= minmax((pa 1(x),us 2(X2y2))
~ minmax (p a1(x),minmax(p a2(X2),1 a2(y2)))
gminmax(max(uA 1(X), 1 a2(x2)),minmax(pa 1(x),1a 2(y2)))
=minmax((na 1¥pa 1)(XX2)(Ha 1Xpa 1)(X,Y2)
Then, we have
=min (MBPI(XIYI)IHAP2(Z))
< min (min(p’ 51(x1), 1 a1(y1)),1a 2(2))
=min (min (HPAI(XI)IHPAZ(Z)): min(HAPI(YI)'HAPZ(Z))
= min((HPAlXHApz)(Xl;Z),(MAplXHApz)(Yl,Z))
= max (HBNl(Xl}’l);MANz(Z))
>max (max(u™ a1 (%), 1 ar(y1)), ta'2(2))
= max (max (HNAl(Xl);MNAz(Z)), maX(HANl(YI):HANZ(Z)))
= max((uNAl(Xl)XHANZ)(XIIZ):(HANIXHANZ)(YIIZ))
= minmax (pg 1(X1y1),ua 2(2))
> minmax(minmax (L a1(X1),0 ai(y1)), 1 a2(z)
=minmax(minmax (i ai(Xi),0 a2(z)),minmax(p ai(yi),1 a2(2)))
=minmax (L ar¥p a2)(X1,2),(L Aar¥p a2)(y2,2)

A1=(HPA1°MNA1°M Al) and A2=(HPA2° MNAZOH A2) be Tripolar fuzzy subsets of V1 and V2 and let B1=(HP31° HNBIOH Al)and
B,-( uP BzopNBzop A1) be Tripolar fuzzy subsets of E; and E,, respectively. Then, we denote the composition of two TPFG G, and G,
of the graphs G; and G, by G[G,] = (A °A,,B; °B,) and define as follows:

(i)

(HNAl ° HNAz) (X1,X2)
(W are B a2) (X1,X2)

(i) (HPBl ° lleBz ) (X,X2)(X,y2)
(g1 o 1) (XX2)(X,y2)
(0 B1° K B2) (X,X2)(X,Y2)

(iii) (MPAl ° MPAz) (X1,2)(y1,2)
(MNAl ° HNAz) (X1,2)(y1,2)
(0 B1° M B2) X1,Z2)(Y1,2)

(iv) (MPAl ° MPAz) (x1,x2)(Y1,¥2)

(HNAl

(x1,X2)(y1,y2) €E'- E.

(W are Hpﬁz ) (x1.%) = min (1" (%1), 1" 22(%2))
=max (L a1(X1),1 a2(X2))
= minmax (L A1(X)),1 a2(x2))for all (x1,x,) €V,
= min (HI;I\I(X):IJ'PgZ(XZyZ) )
=max (K a1(X),1 B2(X2y2) )
= minmax(p a;(X),1t pa(X2y2))for all xeVy, for all (x,,y,,)€E,,
= min (ul;llgl(xl,m),upf\?z(z))
=max (1 i(X,y),1 a2(2))
=minmax (1 5i(X1,y1),1t a2(z))for all z €V,,for all (x,,y,)€E,
N: min (HPAz(Xz), HPAZ(YZ)7 HPAlz)(Zz),MPBll()XIYI)) . »
° B a)(X1,X2)(Y1,Y2) = max (K Az(Xz)a u A%)(YZ)s H APz(Zz),H Bl;(xlyl)) b
(L Brot ) (XLXo)(Y1,y2)  =minmax(p an(X2),0 a2(¥2),lt a2(z2),1t B1(X1y1)) forall
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Proposition 3.2 If G, and G, are Tripolar Fuzzy Graphs, Then G,[G,] is a Tripolar graph.

Proof: Let x €V}, X,y €E,. Then we have

(HPBl°MPBz)((X,X2)(X:Y2)) =min (HApl(X);Msz(Xz}’z)
<min (n’ 5 (x),min(p” g2(x2), 1° a2(y2))
=min (min (s (x),1° p2(x2)), min(pa’i(x),1a"2(y2)))
= min((HAPIOHAPI)(XIXZ)r(uAPIOMAPI)(Xfy2))
(MNBIOHNBZ)((XIXZ)(XIYZ))z max (MNAI(X)IMNBZ(XZYZ)
>max (N a1(x),max(p” ax(x2), 1 a2(y2)))
= max (max (HNA1 (X)IMNAz(Xz))I maX(HNAl(X):uNAZ(YZ)))
= maX((MNAl"HNAl)(X,Xz),(MNAl °MAN1)(X:Y2)))
(0 Brep B((xX2)(X,y2)) = minmax((ta 1(X),us 2(X2y2))
> minmax (L ai(x),minmax (1 a2(X2),1t a2(y2)))
= minmax(max (pa | (X),1 a2(X2)), minmax (ua 1(x),1a 2(y2)))
=minmax((par °par )(XX2),(Ha1 °par )(X,y2))
Let z €V,, X1y, €E,. Then, we have
(MPB1°HPB2)((X1,Z)(Y1,Z)) = min (HBPI(XIYI)rHAPZ(Z))
<min (min(p’ a;(x;),1° a1 (1)), 1A 2(2))
= min (min (MPAl(Xl);MPAz(Z)); min(”API(YI):HAPZ(Z))
= min((MPAl°HAP2)(X1,Z),(MAP1°HAP2)(Y1;Z))
(HNm°HNBz)((X1,Z)(Y1,Z)) = max (HBNl(Xl}’l);HANz(Z))
>max (max (" ai(x1),1" a1(y1)), ta'2(2))
= max (max (MNAI(XI)IHNA2(Z)): max(pANl (Y1),HAN2(Z)))
= maX((HNAl(X1)°MAN2)(X1,Z),(HAN1°HAN2)(Y1,Z))
(0 Brep B((x1,2)(y1,2)) =minmax (ug 1(X1y1),1a 2(2))
< minmax(minmax (b A1(x1),1t aily1), 1 a2(2z))
=minmax (minmax (i a1(X;),1 a2(2)), minmax(u ai(yi),1 a2(2)))
=minmax (L arep a2)(x1,2),(1 Aol a2)(y2,2))
This completes the proof. O
Definition 3.4
Alz(pPAl,uNAl,u A1) and Azz(uPAz,uNAz,M a2) be Tripolar fuzzy subsets of V1 and V, and Let Blz(uPBl,pNBl,u gryand
Bo—(1" 52,1V o,1t 1) be TPF subsets of E,and E,, respectively. Then, we denote the composition of two TPFG G, and G, of the
graphs G ,and G, by GUG, = (A|UA,, B;UB,) and define as follows:

A) (1) (“EAIUP«PI;%Z)(X) = HEAI(X) ifx eViN Vy,
(HPAlU u PAZ)(X) =p AZ(X% lff)i EVINV,,
(WAt U p (%) =max(p A1(X),1 a2(X))ifx €V, NV,.
(i1) (H:AlmH:Az)(X) = H:AI(X) ifx €V,N Yz,
(HNAlﬂH NAz)(X) = H. A2(7N<) iIEX eVlO Vs,
(07 a1 N ax(x) =min(p A1(X),n a2(x)) ifx €V NV,
(i) (b a1 Up a)x) =p ax) ifx eViny,,
(0 A Up a(®) =R aAX) N ifx ENVz vy,
(AU p aa(x) = maxmin(p - a1(X),1a2(x)) if X€V; NV,
(iv) (0 AN p A)X) =p a(x) ifx eV Vs,
(0 aNp A2)(x) =pu 'AZ(X) NifX GV&H Vo, .
(b a1 Np ax(x) = minmax(p - a1(X),1 a2(x)) if xeV; NV,
B) () (WmUn'p)(xy)  =wiuixy)  ifxy €B NE,,
(HPBlU I PBz)(XY) =u BZ(X%I) llf) Xy €E; ﬂ_E2,
(1B U ppa(xy) = max(u pi(Xy),t g2(Xy)) if xy €E| NE,.
(i) (WmUpe)(xy)  =pmi(xy) ifxy €EiNE,,
(MNBlU 0 NBz)(XY) =pu 'BZ(XI\?’) il\flxy €k, m.”:z,
(0781 U ppa(xy) =min(u gi(Xy),u p2AXy)) ifxy €E; NE,.
(i) (b aUp 2)Xy) =p a(xy) .iny GEIDE 25
M aUp )y =p AZ(X.Y) N if XYNEEz NE 1>
(0 a1 U pan(xy) = maxmin(p A (Xy),1 ax(xy)) ifxy €E;NE,.

(iv) (L aNp AdXY) =p axy) ifxyeElﬁTEZ,
122|Page



International Journal of Current Advanced Research Vol 7, Special Issue: 1, pp 119-128, January 2018

(M a1Np A2)(XY) =n axy) N if xy §E2 NE,,
(M a1 NP A2)(xy) = minmax(p ai(xy),n a2(xy)) ifxy€E; N E,.

Example 3.4 Consider the TPFG.

(0.3,-0.6, -0.3

B
0.2,-04,-0.1) g (0.2,-0.4, -0.2
(0.2, -0.4. 0.2))0-1, 0.3, 0B =

(0.1, -0.3.-0.1

(0.4,-0.3, -0,

(0.4,-0.5,-0.1

0.1,-0.1, 0.1
(0.1, -0.3,-0.1) (0.3,10.1,0.1) ( )

C E
(©.2,0.4,02) X05,-05,0.1) ((04,-0.2,02) (03,406,403 ) -0-2 0.3) (0.4,-0.2,0.2)
E
Fig:3.2:G, is Tripolar fuzzy graph Fig:3.3: G is Tripolar fuzzy graph
( 03,-06,-0.3) ) (0.4, -0.7, 0.4) (©2,-04,-02) )
A B
(0.5, -0.7,-0.4) (0.5,-0.7,-0.2)
(0.6, -0.7,-0.2)
(0.4, -0.5, -0.1) (0.5, 0.6,0.1) (0.4,-0.2,0.2) (0.3, -0.6, -0.3)
(0.3, -0.6,-0.3) (0.5, -0.5, 0.1)
D (0.6, -0.5, 0.1) C

(05,0401 ) (02,-04,-0 )

G,UG; is Tripolar fuzzy graph
Fig:3.4

Proposition 3.3. If G, and G, are TPFG, then G; U G, is a TPFG.
Proof. Let xy € E; NE,. Then

(e 1 U 1 mo)(xy)= max(u’p (xy),us"2(xy))
Smax(min(pPAl(x),pAPI(y)),min(pPAz(x),pPAz(y)))

= min(maX(HPAl (X)IHPAZ(X):maX(HPAI(Y)IHPAZ(Y)))

= min((HApl U HAPZ(X)f(uAPI U HApz)(Y))

(1"p1 U ppo)(xy) = min(u"g;(xy), ps"(xy))
>min(max(pa’ 1(x), ka1 (), max(p aa(x), 1 a2(¥)))

= max(min(HNl(X);HANz(X);min(HNAl(Y);HNAz(Y)))

=max((ta"1 U pa™a(x), (a1 U pa™)(y)

(B U i po)(xy)= maxmin(u"s (xy),us 2(xy))

=maxmin (min(HPAl(X)IMAPI(Y)):maX(HNAZ(X):HNAZ(Y)))

=maxmin (min(HPAl(X)l min (MAPI(Y):maX(HNAZ(X): max (MNAz(Y))
=maxmin (min(HPAl(X)l max(pNAz(x), min (HAP1(Y)' max (MNAz(Y))
=minmax(maxmin(pPA1(x),uNAz(x)),maxmin(uPAl)pNAz(y)))

= minmax((a"y U pa"2(x),(1a"1 U pa™2)(y)

Similarly, we can show that if xy E; NE,, then

(s’ U 1mo)(xy) <min((pa’1 U pa’2(x), (kA" U pa"2)(y))
(W1 U 1m0 (xy) >max((pa™1 U pa™a(x), (a1 U pa™o)(y)
(ua"1 U 1Ngo)(xy) N minmax((ia’) U pa"2(x), (A" U pa™2)(y)
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If xy E| NE,, then

("1 U 1'p)(xy) <min((pa"1 U pa"2(x),(1a"1 U pa’2)(y))
(1”51 U npo)(xy) >max((ua™1 U pa2(x), (a1 U pa™2)(y)
(us"1 U 1" p2)(xy)  minmax((a"y U pa"a(x), (1a"1 U pa™)(y))
This completes the proof. N

Proposition 3.4. Let {G:i€eA} be a family of Tripolar fuzzy graph with the underlying set V. Then Nug"™(xy)
=minmax(Npg" " (x), Np"Np)(y)) is a Tripolar fuzzy graph.

Proof. For any x, y €V, we have

Consider, Npg" N(xy) ={Nps" .Npp "} (xy)
= {Npug"(xy).Nps"(xy) }
= inf pg"(xy). sup pg N (xy)
Linf minfua’(x) , pa'(y)} - sup max{pa Nx), pa(y) }
= mind inf 1" (x) L 16F 1" (y)) . max { sup pa (x) . sup puai(y) }
= min'$hf pa° (x) ;min inf p®y). max sup pig™(x) , max sup pa; " (y)
= miffinf tai (x) .madup pa; N(x) ,min ‘A pa(y). max sup pa; N (y)
ieA = minmax{infu,;’(x) . inf pa; (%) }, minmax { sup [T3"(y). sup pa " (y) }

= minmaxfinfuy’ " (x) }, minmax { s pa’ ™ (v))

A = minmax{ infu,” N (x) , stip pa” N ()}

A = minmax{NPs ™ (x), N’ N (y)}

or
= minmax{ﬂuAiP+N (xy)}

ieA
i€A
i€eA
i€eA

Then NG; is a Tripolar Fuzzy graph.

Definition 3.5 Let be A;=(u" 51,1 a1 o1t A1) and Ay=(u" s, a2,1t A2) be TPFsubsets of V, and V,, and let B;=(u"s;,u™p1,0 51) and
A2=(uP32,HN32,u p2) be TPF subsets of E; and E, respectively. Then, we denote the join of two TPFG G*l and G*z of the graphs G,
and G, by G; + G, = (A + A,,B|+ B;) and define as follows:

(i) (HPA1+HPA2)(X) = (HPAIUHPAZ)(X)s
(™A™ a2)(x) = (WM an)(x),
(W AN ) (%)= (1A URN 0)(x) if X€V,NV,
(ii) (HPBl"'MPBz)(XY) = (HPmUHPBz)(XY),
(14 ) (xy) = (01N R)(xy)
(1 s+ )(xy)= (L B1UN mo)(xy), if Xy €ENE;
(iii) (1 1+ B2)(XY) =max(p’ar (x),1° a2(y))

(MNB1+HNB2)(XY) =min(p" a1 (X),1"A2(y))
(1B p)(xy) = maxmin(u”s; (x),1" ax(y)),
If xy 13:4 , where E/is the set of all edges joining the nodes of V,and V,

Proposition 3.5. If G, and G, are the Tripolar fuzzy graphs, then G, + G, is a TPFG.
Proof: Let xy €E. Then

(1 B+ ) (xy) = max(u’a; (x),1°22(y))
< max((p° A Up" (%), (0 aUR"A2)(¥))
= max((n” A+’ a2)(X), (0 A+ a2)(¥)).
(HNBl+MNBz)(XY) = min(HNAl (X)IHNAz(Y))
>min((u" A Up" 42)(x), (KA1 URN 0)(y))
= min((HNA1+HNA2)(X)' (HNA1+HNA2)(Y))-
(MPBl*'MNBz)(XY) = maxmin(pPAl (X)'HNAz(Y))
maxmin((u 3 Up"™02)(x), (121U 2)(y))
N = maxmin((pPA1+pNA2)(X), (HPA1+HNA2)(Y))-
Let xy €E; U E,. Then the result follows from Proposition3.3.Thiscompletes the proof.

Proposition 3.6: Prove that (1”"3;)(xy) = minmax(("™a1)(x,y)) is aTPFG.
Proof: Let xy €E’. Then

(HHNBl)(XY) = (MPBl-MNBl)(XY)
= W Bi(xy)- 1B (xY)
=min((p” a1 Up" 42)(%), (1" a1Up’ a2)(y))-max((p" a1 Up™ a2) (), (a1 Up™ a2)(y))
= min((MPAl)(X)a (HPAl)(Y)) . maX((MNAl)(X)a (HNAl)(Y))
= minmax((u" " o1)(x)), minmax((n" ™ ;)(y))
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= minmax((n" " A)(x,y))
4. Strong Tripolar fuzzy graphs

Definition 4.1. A Tripolar fuzzy graph G = (A,B) is called strong if uPB(xy) =min(uPA(x), pAP(y)) and uNB (xy) = max(pNA (x), uNA
(v)) and pu g (xy) = minmax(u  (x),1 4 (y)) for all xy €E.

X y z
na 08 04 05

TR 04 -07 -03
0 oA 04 03 02

“G subset of V and letB be a TPF subset of

Example 4.1 Consider a graph G s
E defined by

Xy yz zX
u'a | 04 03 05

pfs | 03 <001 -02
pa | 01 02 0.1

Proposition 4.1 If G, and G, are the strong TPFG, then G, G,,G,[G,] and G, + G, are STPFG.
Proof. The proof follows from Propositions 3.1, 3.2 and 3.5
Remark.

1. The union of two strong TPFG is not necessary a strong TPFG
2. If Gy xG,is strong TPFG, then at least G, or G, must be strong.

HPBl(Xl}’l) < min{HPAl(X);MPAl(Y)}; MPBz(Xl}’l) < min{HPAz(X);HPAz(Y)},

pNgi(xpy1) > max {p" 4 (x), 1N a1 ()h 1 Ba(xiy1) > max {u® a(x),p N aa(y))
1 osi(x1y1) minmax{?p at(X) 1 al(Y)) 1opa(xiyr)  minmax{p ao(x),u a2(yR
Hence
(L B x¥p B2 (X, X2)(X, Yz))<min((HPleMPBz)((X» X)), (1 B %1 ) (X, 2))
(B x¥p ) (X, Xa)(x, Yz))>max((MNleMNBz)((X> x2)), (e e (%, y2))

(1 Xp B2)((X, X2)(x, y2))  mismax((n pi*p B2)((X, X2)),(K B1Xp B2)((X, ¥2))
3.If G{[G,] is strong TPFG, then at 1east\G] or G, must be strong.

Definition 4.2: A strong Tripolar fuzzy graph G is called self complementary if G=G.

Proposition 4.2: Let G be a self complementary strong Tripolar fuzzy graph. Then
Zp’p(xy) = Zmin(p”A(x),1"A(y)),
X#Yy X#Yy

Zup(xy) = Zmax(p"a(x), 1" A(y)),

X#Yy X#Yy
2 p(xy) = Zminmax(p A(x),1a(y))-

X£y XFy
Proof: Let G be a self complementary strong TPFG. Then there exists an automorphism f :V —V such that " (f(x)) = u"A(x) and
HA"(f(x)) = wMA(x) and iy (f(x)) = p - A(%) for all xeV and pp"(Fx)f(y)) = ps’ (ey) and ps" (F)f(y)) = ps” (xy) and ps (FOR(y))
=ug (xy) for allx, y €V. _ —
By definition of G, we have

T (FO)f(y))=min(pa" (7)), ua" ((3))).1"s(xy)=min(ps"(x),u"A(y)),
- iny MPB(XY):Zx¢y min(“PA(X)a”AP(y»a
pp" (f(x)f(y))=max(uA™(£(x), A" THy))), u" 5Ky)=max(nA(x), 1" a(y)),
iny MNB(XY)=Zx¢y maX(“NA(X)f MAN(Y));
g (f(x)Hy))=minmax(p, (f(x),na tfy))),1 sXy)=minmax(p a(x),1 aly)),
iny H B(XY)=Zx¢y minmax(p a(x),na (y)),
This completes the proof.
Remark.

1.Let G be a strong TPFG. If p’p(xy) = min p”s(x),n"(y) and p™p(xy) = max pa~(x),n a(y),and ' p(xy) = max pa" (x),n aly) for
allx, y €V, then G is self complementary.
2.Let G; and G, be strong TPFG. Then G, =G, if and only if G, =G,.

5. Automorphic Tripolar fuzzy graphs

Definition 5.1:Let G, and G, be the Tripolar fuzzy graphs. A homomorphism f : G;— G, is a mapping f : V;— V, which satisfies
the following conditions:
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(a) HPAl(Xl) = HPAz(f(Xl))» HNAl(Xl) 2 HNAz(f(Xl))s

P ar(x1) > p a(fx) 1 an(x1) < pf aa(f(x1),

(b) wsi(x1y1) < 0 B (fx)fy ) si(xiy1) = i pa(fx)f(y1)s

" ar(xiyn) = Bt a(fx) Ry D) n M ar(xyD)<p” a(fx)fyr)), for all x; €V, x,y; €E;.

Definition 5.2. Let G; and G, be TPFG. An isomorphism f : G;— G is a bijective mapping f : V;— V, which satisfies the
following conditions:

(© HEAI(XI) = lefsz(f(xl)), HNA1(>§\11) = HNAZ(f(X1))7]\(IIJ'PA1+IJ'NA1)(X1) =P(HPA2;MNA2)(f(X1)), -

(d) wopi(xyD=p p(fx )y )),p s (fx Dy ))=p " pa(fx)f(y1), (0 i+p B)EXD(y1))=(1 B0 B)(H(x) (1)), for all x; €V,
X1y €E;.

Definition 5.3. Let G, and G, be TPFG. Then, a weak isomorphism f : G;— G, is a bijective mapping f : V;— V, which satisfies
the following conditions:

(e) f is homomorphism,

() i ar(x1) = 1" aa(fx1), mar(x1) = paa(fx0), (Wt anD(xn) = (0 ate™ a)(F(x1),
for all x, €V,. Thus, a weak isomorphism preserves the weights of the nodes but not necessarily the weightsof the arcs.

Example 5.3. Consider TPFG Gjand G, of G; and G,, respectively.
A map f: Vi— V,defined by f(a;) = b, and f(b;) = a,. Then we see that:

(8) o ar() = 1l ax(02)), Mar(@2) = p (b)), (W ar+p™ a)(@) = (1 a2+ a2)(b2)),

" a1(b1) = n’ (@), nai(by) = N aa(@1)), (W A+ a)(b1) = (1" artp™a2)(@2)),

(h) 1'B1(aby) #p a(f{an)f(by)) = p'pa(anba), i pi(f(an)f(by)) # pMpa(f@)f(b1)=p " pa(asby),

(W s e (f(@)f(by) # (L s+ B2)(H@n)f(b2)) = (0 pi+1 B2)(@sb)

Hence the map is a weak isomorphism but not isomorphism.

Definition 5.4: A Tripolar fuzzy set A = (u",,u" a1t (x))in a semigroup S is called a Tripolar subsemigroup of S if it satisfies:
p"a(xy)> min{p"(x), h "A)LNA (xy) < max{p®a (x),1NA (Y)} 0 axy) minmax{uA(x),u a(y)},

wherep Alx)= pf(x)+p™N(x) for all x,yeS

A Tripolar fuzzy set A = p"s,u™a,n"a in a group G is called a Tripolar fuzzy subgroup of a group G if it is a Tripolar
fuzzy subsemigroup of G and satisfies:
piAG ) = pfa(x), pMA(xT) = pa(x) 0 axT) = A(X)
wherep Alx )= pP(x'1)+pN(x'1) for all x €G:
We now show how to associate a TPF group with a TPFG in a natural way.

Proposition 5.1. Let G =(A,B) be a TPFG and Let Aut(G) be the set of all Automorphisms of G. Then (Aut(G),) forms a group.
Proof. Let ¢,Aut(G) and Let x, y €V. Then

1 s PY)(Y)) = g (PWENPWY)) 21 B (NP(Y)) 2" 5(xY),
s (@ P)X(PP)Y)) = 15 (PPN < 1's WEP()) <ps (xy),
1B (@ P)X)(PY)Y)) = s (@RENGWNM) 1 sBOPG) 1 (XY,

WB((@ “P)(x) = 1 s(W(x))) = pp(1(x)) > pp (x),

Ws((@)(x) = 1 (PAP(X)))) < 1 (P(x)) < 1 (%)

L (@Y)X) (@) na@x) s

Thus ¢opeAut(GY:. Clearly, Aut(G) satisfies associativity under the operation o, ¢oe = ¢= e o, u"A(¢"') = p"a(p), nal¢™') =
uNa(@) 1 ale™!) = 1" alg) for all peAut(G). Hence (Aut(G),°) forms a group.

Proposition 5.2: Let G = (A,B) be a TPFG and let Aut(G) be the set of all automorphisms of G.
Letg=(u" g,uNg .1 g) be a Tripolar fuzzy set in Aut(G) defined by
Wold) = sup{u's(@(x),@(y): (x,y) €V xV},
Wy () = inf {p"s (P(x),(y)) : (x,y) €V xV},
TR = 1’ ()+u™g (p)for all peAut(G).
Then g = ( pgp, png ¢ )is a Tripolar fuzzy group on Aut(G).
processing, pattern recognition, robotics, computer networks,

Conclusions and medical diagnosis.

We have introduced the concept of Tripolar fuzzy graphs

(TPFG) in this paper. The Tripolar fuzzy models give more  Wwe plan to extend our research of fuzzification to
precision, flexibility and compatibility to the system as
compared to the classical and fuzzy models.

The concept of Tripolar fuzzy graphs can be applied in various
areas of engineering, computer science: database theory, expert
systems, neural networks, artificial intelligence, signal ¢ Regular and Irregular TPFG

e TPFG appliction
e TPFG hypergraphs, intuitionistic fuzzy hypergraphs,
ext
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e  Operation on TPFG
e  Metric in TPFG
e Balanced Tripolar intutionistc fuzzy graphs
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