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functional equation
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In this paper, the authors introduced and investigate the generalized Ulam — Hyers stability of a N— dimensional additive-quadratic
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1. Introduction

Stability problem of a functional equation was first posed by
S.M. Ulam [45] which was answered by D.H. Hyers [23] and
then generalized by T. Aoki [2], Th.M. Rassias [37], JM.
Rassias [34] for additive mappings and linear mappings,
respectively. Further generalizations on the above stability
results was given in [15, 20, 21, 39]. Since then several
stability problems for various functional equations have been
investigated in [1, 3, 4, 6, 7, 8, 9, 10, 11, 16, 24, 32, 35, 38,
46]; various fuzzy stability results concerning Cauchy, Jensen,
quadratic and cubic functional equations were discussed in
[18, 19, 27, 28, 29, 30, 42, 43, 44].

The solution and stability of following Mixed type additive
quadratic functional equations
f(Xx+2y+32)+ f (x—2y+32)+ f (x+2y—-32)
+ f(x-2y-32)
=4f(x)+8[f(y)+ f(-y)]
8[f(2)+f(-2] D

f(3x+2y+2)+ f(3x—-2y+ z)+
f(3x+2y-2)+ f(3x-2y - 2)
=12 F(x) +12[ f(x) + f(=x)] 2
+8[ f(y)+ f(-y)]
+2[f(2)+ f(-2)]

f (I Tu+miv+ n‘lw) +f (I Tu-miv+ n‘lw)
+f (I Tu+miv- n‘lw) +f (I Tu-mtv- n‘lw)
=at (P () £ (-my)]
Z[f (n’lw)+ f (—n’lw)]
f (Zr X ) = z[z%[ PO+ (D) f (x)]]

s [z 2D [ - ]D

were investigated by M. Arunkumar, P. Agilan [6, 7, 8, 9, 10,
11, 12, 13, 36].

(4)

In this paper, the authors introduced and investigate the
generalized Ulam — Hyers stability of a n— dimensiona
additive-quadratic functional equation
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Z{Zh[dxz +<—1)'d2k+1x2k+1ﬂ

k=0| I=1 2
-3 z{(d?j [h<x2k>+<—1>'h(—x2k)]}

©®)

+ (dz_zkﬂj [h(x2k+1) + h(_X2k+l)]}

where d. ispositiveinteger with d, # O in Anti-intuitionistic

fuzzy normed spaces using Hyers method.

In Section 2, basic definition and preliminaries of Anti-
intuitionistic fuzzy normed space is present, In Section 3, the
generalized Ulam - Hyers stability of the functional equation
(5) is proved via Hyers method.

2. Preliminaries of Anti-Intuitionistic Fuzzy
Nor med Spaces

In this section, some preliminaries about Anti-intuitionistic
fuzzy normed space. For definations and notations about
intuitionistic fuzzy normed space one can refer [17, 14, 42].

Definition 2.1 [42] Le¢ m and n be membership and
nonmembership degree of an anti-intuitionistic fuzzy set from

Xx(0,+oo) to [0,1] such that rr;(t)+n (I)Sl for all
xe X andal t >0 . Thetriple (X,P,,,T) issad to be

» P s
an Anti-intuitionistic fuzzy normed space (briefly AIFN-
space) if X is a vector space, T is a continuous
t —representable and P, is a mapping Xx(0,+oo)—> L’
satisfying the following conditions: for al X,ye X and
t,s>0,

(IFN1) Pmn(x,O):OL*;

(IFN2) P, (xt) =1.if andonly if x=0;

(IFN3) P, (@x,t)=P,, [ |anoralIa #0;
Py (X+yt+s)

IFN4

WD (R (x8),Py (v19).

is called an Anti-intuitionistic

)= (m(Ehn, ()

3. Stability Results: Direct M ethod

In this section, the authors present the generalized Ulam-Hyers
stability of the Additive-quadratic functional equation (5) in
Anti-intuitionistic fuzzy normed spaces. Now we use the
following notation for a given mapping Df : X — Y such
that

In this case, P,

fuzzy norm. Here, P, (X

Df (XO Xl' 2n’ 2n+1)
> {Zzlh[ 2k %ok +(_1)Id2k+1xzk+1]:|

k=o| i1 2

[ (%) + (1) (- XZK)J}

+ (%) [h(xzkd) + h(_X2k+1)]:|

for all XO’XI’“'XZn’XZnJrlEX'
Theorem3.1 Letd e{1,-1} .Let A: X" —> Z bea

d
a
function such that for some 0 < (?j <1,

P [A(O,---,O,T‘“’x,Oj,rJ
2n-1times
<. P (a‘“’ A[O,-«-,O,x,OJ,r] (1)
2n-1times

forall Xxe X andal r >0 and

Tdb ,Tdb ,Tdb ,
limP,, | A X‘;b SR A B T
. . ’T X2n ’T X2n+1 -

Xor X7 Xops Xong € X and all
f,: X =Y bean odd function satisfies the inequality
P (DR, (6%, X X0, )

<P (A9 %0 %0 X1 )) - (3)
for al X, X,

limit

for al r>0. Let

“Xon1 Xon € X and dl r>0. Then the

Pmn[A(X)—@,rjel‘;,as b, r>0 (4)

exists for dl Xe X and the mapping A: X =Y isa
unique Additive mapping satisfying (5) and

Prn (1o (X) = A(X) )

<. P [A(O,M,O,X,Oj,l 2T —-2a|r
- 2n-1times

Xe X andal r >0.
Proof. Let d =1. Since f,

] (5) for al

is an odd function, replacing

-,0, x OJ in (3), we get

2n-1times

[Zho[dznxj dmho(x),r]
<. P, {A(O,W,O,X,Oj,r]

(X0 X0 Xons Xo1) by(

(6)
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where T=% for al Xe X and al r>0. Using
(IFN3) in (6), we obtain
h, (Tx) r
Pm.n (—_ ho(x)v_J
T 2T )

<o P (A[&i},x,oj,r]
2n-1times

foral xe X andal r > 0. Replacing x by T°X in (7),
we have

P

mn

ho(Tb+1X)_ byy I
[ T h"UX)’ZT]

<.P. [A[O,---,O,Tbx,oj,r]
t ) 2n-1times

foral xe X andal r >0.Using (1), (IFN3) in(8), we
arrive

©)

P

mn

[““W _h (T, j

<. P A[0,0%0]~
- v 2n-1times a

fordl Xe X and al r > 0. It is easy to verify from (9),
that

)

P

mn

h(*™V) R0 1
b+ T o7 .TP

<. P |A[0-,0x0]—
- I 2n-1times a

holdsfor all Xxe X andall r >0.Replacing I by a°r in
(10), we get
(ho(-l-bﬂx) hO(TbX) abr J

(10)

Tb+1 Tb ,2T'Tb

<, P [A[O,---,O,x,o],r]
L LI
2n-1times

foral Xxe X andall r > 0. Itiseasy to seethat
ho(l' X) “h(x) = th(TI':X) hoﬂ' X (12)

(11)

for al X e X . From equations (11) and (12), we have
Pmnf'w X 0,32 ]

T® 2T Tb

g b1 MYy h(T'x) &2 a'r
< TP h°(T - —,
v °( ”“[g T T oEm

<. T,b;{Prm[A[O,m,o,x,oj,r]} (13)
<. P [A[&i),x,oj,r]

foral Xe X andall r > 0. Replacing X by T°X in (??)
and using (1), (IFN3) , we obtain

P h,(T*°x) h(T°x) &t a'r
mn Tb+c Tc ’i=0 2T 'THC

S*P'mn[A[O 0xoj j
- Prevro a’
2n-1times

foral Xxe X andal r >0 andal b,c>0. Replacing I

(14)

by a‘r in(14), we get

P h(T™°x) h(T°x) bt a'r
A TC 2T T (15)
<. P [A(O,m,o,x,o],rJ
foral xXe X andadl r>0 and al b,c>0. It follows
from (15), that
p [(R(T "% h(T* X .
mn Tb+c Tc ’
(16)

< P A[O,-u,O,X,OJ,#
L m b+z&1 a
SorT
holds for all Xe X anddl r >0 and al b,c>0. Since

O0<a<T and i[$)|<oo. Thus {@} is a

i=0

Cauchy sequence in (Y, P ,T) Since (Y, P ,T) is a
complete IFN-space this sequence convergent to some point
A(V)e Y . So, one can define the mapping A: X =Y by

Pmn[A(x)—h"_(l_r:x),r]al’[, as b—w, r>0 (17)

foral Xxe X. Letting ¢ = 0 in (16), we get
Pmn[wbx) ~h(3, rj

(18)

<. P, A[%,X,o}bl Tai
Sor. T
for dl Xe X and al r >0. Now for every € >0 and
from (18), we have
P (AX) —h,(X),r +e)

P [A(X) -

h,(T°x)
T°

,e], (19)

e, A[O,...,O,X,OJ,H =

2n-1times ;)ZTTI

foral Xe X andal r > 0. Taking thelimitas b — o in
(19), we get
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Pon (A) —h,(x).1 +e) for al Xy, X, Xon, Xopy € X and al r>0. Letting
<. T[lup'mn[A[Ov“':oyxlo}(ﬂ—2a)rD (20) b — oo inthe above and using (22),(2), we arrive
<, Pl A0O:--,0,x0 ,(2T—2&)r] 012y DX+ (51) Gy X
) [ [m J P’””(go{;h( 2
for dl Xe X and dl r>0 and €>0. Since e is )
arbitrary, by taking € — 0 in (20), we obtain ) Z[( ][h(xzm( 1'h(- w]}
:z T (23)
Pmn(A(X)_hD(X)’r) k=0 d2k+1
- o 91 )+ 1-00)
<. P (A(O,---,O,x,O],(ZT—Za)r]
t 2nimes 1,1,1,1,,P.
< T L L L*

for al Xe X and al r >0. To prove A satisfies (5), v [(A(T ®%y, TP%,, -~ T° x2n,T”xM),T”r)J
replacing (%05 X5 X0 Xon11) by
(TbXO,Tle,---Tbxzn,TbX2n+1)in(3) respectively,  we <. F"mn(A(I'bxo,Tbxl,~~-Tb>9n,TbX2n+1)lTbr) (249)
obtain for al Xgy X, Xon: Xons € X and al r>0. Letting
b [;DWXWXP._,T% Tox, 1),rj b — oo in(24) and using (2), (IFN 2) , wearrive
mn T n N+ (22) I

SL* len (S (TbXOyTbxlv'"TbXanTbX2n+1)var) 2|:iA( deXZk * (_;-) d2k+lX2k+1jj|

k=0| 1=1

for al Xy, X, X0 Xony € X andal r > 0. Now,

P {Zn: |:Zz:h( Ay X + (‘;—)I O 1 Xt j} ) kio d
) (S22 A

ZK jI[A<xzk)+( 1) A xzk)}}

1=1

for al X, X, Xons Xon,y € X . Hence A satisfies the

,r

(de] [h(%,) + (-1 h(- m}}
d

functional equation (5). In order to prove A(X) is unique, let
A'(X) be another Additive functional equation satisfying (5)

- h 2 Kok +(= l) d2k+1X2k+1]:| .Hence,
Z{Z [ 2 P (A(X) = A(X),T)

_1Zn:{szzlh( dzkxzk + (‘;—)l d2k+1X2k+1 J} ';]’ len (A(Tbx) - Afo(rb X) lTZr],
<

k <.T
0 | 2 T (R g T
P'mn [g:ﬂ[;{( dékj [h(xzk) +( 1) h( sz):|:|j1 Pmn( A(T ) J

s j [M(0) + N(=Xp0)]

1ol (dy) r <. P (A(O,---,O,Tbx,OJ,T(2T—2a)rj
—TkaO{Tbg{(;k) [h() + (1) h(—xzk)]ﬂ.‘l], oS 2
d. OV <. P (A[O -,0,X%, OJ T—b(ZT 2a)rJ
P [z{[ 2] [(x.) + h(—xml)]} e
1 o d. .V r for  all xe X and  al r>0. Since
=huEs [h(x2k+1>+h<—x2k+1>]}4 , .
k=0 T
1 d (-1)'d |im7(2T—2&):OO, we obtain
L | z Xk T (= ki1 XK1 b—o
Pmn[_l_b é{T Eh( > H
b (d ! | Tb
LT z{[zj [0+ (-1 h(—xﬂ)ﬂ im P (A(O,---,O, x,oj (2T - 2a)r} -1
~ b ) 2 . e 2n_Ltimes
—(%“j [h(%ia) + h(=%41)] Thus

P (A) - A(X),1) =1,
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for dl xe X and al r>0, hence A(x)= A'(X).

Therefore A(X) isunique.

For d =—1, we can prove the similar stability
result. This completes the proof of the theorem.

The following corollary is an immediate
conseguence of Theorem 3.1, regarding the stability of (5)

Corollary 3.2 Suppose that an odd function

h,: X =Y satisfies the inequality
Pon (DNOG X, X0, Xn0),T)

P (hr),
! 2n+l s
RESID IR ]

: 2n+l s 2n+1 s
P (TIPS 050 e,

(25)

IN

for al Xy, X, X %ny €X and dl r >0 , where
| ,s are constants with | > 0. Then there exists a unique

Additive mapping A: X — Y such that

Pmn (hU(X) - A(X)'r)
P (1,2]T-T°r),

< AP (T IXIF2IT=T2r),

*

Pumn (l ||X||(2"+1)s,2|T—T(2"+1)s|r), s .

foral xe X andal r > 0.
Proof. Replacing

A% X107+ Xons Xan1)
I,

E (1% TP+ 11 1 4 115 I+ 1% 1)
TG TP 1 I 11 I
(I 1+ 1 I et 1 I+ 11X 1)

then the corallary is followed from Theorem 3.1. If we define

TO
a=<T?, where T = A :
-I-(2n+1)s 2

The proof of the following Theorem and Corollary is
similar tracing to that of Theorem 3.1 and Corollary 3.2, when

h, is even. Hence the details of the proof is omitted.

Theorem33 Letd e{1,-1} .Let A: X" —> Z bea
a )\
function such that for some 0 < (Fj <1,
P [A[O,---,O,Tdbx,OJ,r]
<. P [a"b A[O_Jxojr]

forall Xe X andal r >0 and

(27)

P (A (T T, T, 0 T, T, ) T4 ) =1, (28)

for al Xp X, X, Xy €X and al r>0. Let

h,: X =Y bean even function satisfies the inequality

P (DRL0G, %7+ X0 %0,),T)

29
< Pl (A 06 %07 X0 %0, ) 1) #9)

for al Xy, X, X0, Xony € X and @l r >0. Then the

limit

Pmn(Q(X)—mS_I—:X),rj%J{,as b—w, r>0 (30)

exists for al Xe X and the mapping Q: X —»Y isa
unique quadratic mapping satisfying (5) and
Pon (1 (%) = Q(X).1)

(31)
<. P (A[o,-.-,o,x,o],uzn?—(2a)2|2rj

NS
2n-1times

forall Xe X andal r >0.

Corollary 3.4 Suppose that an even function he XY
setisfies the inequality
Pmﬂ (Dh(XO’X]."“XZn')%ml)’r)

P (1.r),
2n+l
<1 Pw(tE0xIrr)

L
| 2n+l s 2n+l P
P (TTIX 4 E 0 P ),

(32)

for al Xy, X, - Xons Xony € X anddl r >0, where | s

are constants with | > 0. Then there exists a unique quartic
mapping Q: X — Y such that
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Fon (R0 -Q(Y.T) P (D1, (% %+ X X0 ).T)
P (1,202 =T ), <o T{P o (DR, (%% X, X1 T)
< AP (L IXIP21T2=T2r), s#2; (33) P (D% =X = X0, %00 ) 1)) (37)
P (11X 272 =T ), 522 < TPl (AGG X X0 X001 ),

<.
P (A =% = X0, X00),T )}
forall xe X andal r >0.

for al X, X, Xons Xon,y € X and al r > 0. By Theorem

Theorem 3.5 Let d =+1 befixedandlet A: X" — Z be _ _ - _
3.1 there exists a unique additive mapping A: X — Y such

d
a mapping such that for some d with 0<($j <1 and that

a P, (h(x) - A(X).r)
0< (—ZJ <1 satisfying (1),(2),(27) and (28). Suppose that (38)
! <. P [A(o,--.,o,x,o}m—2a|2rJ

U mn
2n-1times

afunction h: X —Y satisfiesthe inequality

forall Xe X andal r >0, where
Pmn(Dh(xO'X.L"”XZn’XZnJrl)'r)

34
SL* P‘m.n (A(XO’Xl’.”XQ”’inJ'l)’r) )

P (A%, X0 X X))
zT{P‘m(A(><o-><1.---x2n,xm),r)} (39)
P (AGKs X X0 %0,1),T)

exists §1 umqug add|t.|ve mapplng_ A X =Y and unique for all Xg, X, X Xony € X andal > 0.
quadratic mapping Q: X — Y satisfying (5) and

for al Xy, X, Xons Xony € X and @l r > 0. Then there

P (h(¥) = A(X) - Q(x).1) Also, let h, (x) = (0 +h(X) +2he(_x) foral xe X .
35
<. Pon [A(&JijrJ 9 Then h,(0)=0 and h,(-X)=h,(X) for al xeX.
2n-1times Hence
where
Pon (D 1y (% Xt Xog Xoni)s T )

P2 (A(o,---,o,x,oj,r] < T{P oo (DG X+ X X))

o P (DR (%%, =%, %, ). T)} (40)

Pnlm [A(M,X,O)JZT—Zalr], S|_* T{len (A(XO’XI’”'XZn'XZnﬂ)'r)’

:T 2n-1times (36)

P (AKX =X =X0,1), )}
for al Xy, X, Xons Xonyy € X andal r > 0. By Theorem
3.3, there exists a unique quadratic mapping Q: X —»Y
such that
P (N(¥)—Q(x),1)
(41)
<. P (A(M,X,O],ZKZT)Z—(Za)Z |rj

2n-1times

Py [A(O,W,O,X,OJJ(ZT)2 - (2a)? |rj

[ T
2n-1times

foral xe X andal r > 0.

Proof. Let ha(x)zw for alXxe X . Then

h,(0) =0 and h,(—X) =—h,(X) foral xe X . Hence
foral Xe X andal r >0, where

P (A%, X0 X0 Xo,0)5 )
=T{P‘m (A(Xo,><1,~~><2n,xm),r)} (42)
len (A(XO'Xl"“XZn’ X2n+1)’r)
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for al Xy, X, X0 %ony € X andal r > 0. Define
h(x) = h,(x) +h,(X) (43)

fordl xe X . From (35),(38) and (39), we arrive
Pan () = A(X) = Q(X), 1)
= Py, (M, () + T, (0= A -Q(x).1)

<. T{Pmn (ha(X)— A(X):%)Pm,n (hq(x)—Q(x),sz}
< T{Pnin [A[M,X,OJJZT—Zah]
P [A[M,X,OJJ (2T)* - (2a)* |r]}
=Pl (A(M,v},r}
R;[A(QQQQ,KO]J]
ﬂﬁ[A[9;¥9,xOJJZT—2aHJ,

P2 (A[O,'~o,0,x,OJ,|(2T)2 —(2a)? |r]

—
2n-1times

where

(44)

foral Xxe X andall r > 0. Hencethe theorem is proved.

The following corollary is the immediate
consequence of corollaries 3.2, 3.4 and Theorem 3.5
concerning the stability for the functional equation (5).

Corollary 3.6 Suppose that afunction h: X — Y satisfies
the inequality

P (DN(Xg, X7+ Xy, X))

(I.r),
(S xR,

=1

P,
45
P (45)

IA

2n+1 2n+1
P (1T 061+ 1) r ),

for al X, X, Xons Xon,y € X andal r >0, where | ,'s
are constants with | > 0. Then there exists a unique additive
mapping A: X =Y and a unique quadratic mapping
Q: X =Y suchthat

P (N(X) = A(X) —Q(x),r)

\%

(46)

TP, (1.2|T-T°r),

P (1.21T2=T°r)}
TP, (I IxIF,2|T-T|r),
P (1 IIXIF,2T2 =T |1 )} s#1,2;
T{ anyn (I " X ||(2n+1)s,2|-|— _T(2n+1)s |r),
1 2
Pu I X (2n+1)s12 TZ_T(2n+1)s r , S# , ,
o (1 IXIF2,2] ) st

forall Xe X andal r >0.
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