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A R T I C L E  I N F O                              A B S T R A C T  
 

 

This paper seeks about the fractional cumulative risk model based on weibull triangular and 
trapezoidal distribution.Weibull triangular distributions represents the life time distributions 
based on the continuous probability distribution which is shaped like a triangle. Weibull 
trapezoidal distribution is the life time distributions based on the shape of a quadrilateral 
trapezoid. The results are derived for finding the fractional cumulative risk model, which is 
helpful to find the life time in fractional order. Applications are also pointed out based on 
fractional cumulative risk model. 
 
 
 
 
 
 
 
 
 
 

INTRODUCTION 
 

The cumulative risk is a measure of the total risk that a certain event will happen during a given period of time. The cumulative 
risk model was introduced by N. Kannan introduced the models for experiments in which the stress levels are altered at 
intermediate stages during exposure. Cumulative risk model is already derived using exponential and weibull distribution. 
 

In this paper the fractional cumulative risk model (FCRM) was derived using weibull triangular and weibull trapezoidal 
distributions. Fractional cumulative risk model gives the period of time in fractional order. The fractional cumulative risk model 
gives the accurate result compared to the cumulative risk model. The triangular and trapezoidal distribution is the shape parameter 
which becomes continuous. The weibull triangular distribution shaped like a triangle and weibull trapezoidal distribution is 
shaped like a quadrilaternal. This paper consists of three sections the first section is the introduction. Second section seeks about 
the cumulative risk model and fractional cumulative risk model based on weibull triangular and weibull trapezoidal distribution. 
The third section is the conclusion based on the applications of this model. 
 

Cumulative Risk Model and Fractional Cumulative Risk Model based on Weibull Triangular Distribution 
 

This section explains about the fractional cumulative risk model using weibull triangular distribution was derived this model will 
give better approximation and it helps to predict the survival time in fractional order. In this paper this model is helpful to find the 
predicting time of melanoma. Section 2.1 is the derivation fractional cumulative risk model for weibull distribution is derived. 
Section 2.2 is derivation based on the fractional cumulative risk model for weibull triangular distribution. Section 2.3 is 
derivations based on the fractional cumulative risk model for weibull trapezoidal distribution is derived these models are helpful 
to predict the time in fractional order. 
 

Fractional Cumulative Risk Model: Weibull Distribution 
 

In case of Weibull distribution the cumulative risk model takes the following form  
 

The original form of Weibull distribution  
 

ℎ(푥) =
훼 ⅄ 푡 		푖푓	0 < 푡 < 휏
푎 + 푏푡									푖푓	휏 ≤ 푡 < 휏
훼 ⅄ 푡 									푖푓	푡 > 휏
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The fractional cumulative risk model for the Weibull distribution 
 

ℎ (푥) =

⎩
⎪
⎨

⎪
⎧훼 ⅄

┌

┌
푡 			푖푓	0 < 푡 < 휏

푎 + 푏
┌

																푖푓	휏 ≤ 푡 < 휏

훼 ⅄
┌

┌
푡 								푖푓	푡 > 휏

  

The parameters a and b are such that ℎ (푥) becomes continuous  
Therefore 
 

푎 + 푏휏 = 훼 ⅄ 휏              and 
 푎 + 푏휏 = 훼 ⅄ 휏  
푎 + 푏휏 = 훼 ⅄

┌

┌
휏   

푎 + 푏휏 = 훼 ⅄
┌

┌
휏   

 

Based on the hazard function h(t) the corresponding fractional cumulative hazard function becomes 
 

퐻(푡) =
퐻 (푡)					푖푓	0 < 푡 < 휏
퐻 (푡)					푖푓	휏 < 푡 < 휏
퐻 (푡)															푖푓	푡 ≥ 휏

  

퐻 (푡) =
퐻 (푡)					푖푓	0 < 푡 < 휏
퐻 (푡)					푖푓	휏 < 푡 < 휏
퐻 (푡)														푖푓	푡 ≥ 휏

  

퐻 (푡) = ⅄
┌

┌
푡   

퐻 (푡) = ⅄ 휏 + 훽 푡 − 훽 휏 + 푡 − 휏   

													= ⅄ 휏 + 훽
┌

− 훽 휏 + ┌

┌
− 휏   

퐻 (푡) = ⅄ 휏 + 훽 (휏 − 휏 ) + (휏 − 휏 ) + ⅄ (푡 − 휏 )  

														= ⅄ 휏 + 훽 휏 − 훽 휏 + 휏 − 휏 + ⅄
┌

┌
푡 − ⅄ 휏   

 

The fractional survival function  푆 (푡) is given by 
 

푆 (푡) = 푒 ( ) =
푆 (푡)			푖푓	0 < 푡 < 휏
푆 (푡)		푖푓	휏 < 푡 < 휏
푆 (푡)											푖푓	푡 ≥ 휏

  

 

The fractional survival function  푆 (푡) is given by 
 

푆 (푡) = 푒 ⅄ ┌

┌
`

푡   

푆 (푡) = 푒 ⅄ − 훽
┌

+ 훽 휏 − 훽 ┌

┌
푡 + 훽 휏   

푆 (푡) = 푒 ⅄ − 훽 휏 + 훽 휏 − 훽 휏 + 훽 휏 − ⅄
┌

┌
푡 + ⅄ 휏   

 

The corresponding probability density function becomes  
 

푓 (푡) = 푆 (푡) =
푓 (푡)					푖푓	0 < 푡 < 휏
푓 (푡)					푖푓	휏 < 푡 < 휏
푓 (푡)														푖푓	푡 ≥ 휏

  

 

The corresponding probability density function becomes 
  

푓 (푡) = 훼 ⅄
┌

┌
푡 	.		푒 ⅄ ┌

┌
푡   

푓 (푡) = 훽 푒 ⅄ + 훽
┌

푒 ⅄ − 훽
┌

+ 훽 휏 − 훽 ┌

┌
+ 훽 휏   

푓 (푡) = 훼 ⅄
┌

┌
푡 		푒 ⅄ ┌

┌
푡 푒 ⅄ 휏 − 훽 휏 + 훽 휏 − 훽 휏 + 훽 휏 + ⅄ 휏   
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Fractional Cumulative Risk Model: Weibull Triangular Distribution  
 

ℎ (푡,푋 푎, 푏, 푐, 푑) =

⎩
⎪
⎨

⎪
⎧

																																																														 	

⅄
┌

┌
	 ( )
( )( )								 	 	 	 	 	 ,

	 	 	

								푎 + 푏푡																												푖푓	휏 ≤ 푡 ≤ 휏
⅄

┌

┌
( )

( )( )											 	 	 	 ,
	 		 	 	

																																	 	

  

 

The parameters a and b are such that  ℎ (푡) becomes continuous 
 

푎 + 푏휏 = 훼 ⅄ 휏 ( )
( )( )

  

푎 + 푏휏 = 훼 ⅄ 휏 ( )
( )( )

  
 

Based on the hazard function h(t) the corresponding Fractional cumulative hazard function becomes  
The hazard function on the support of X is  
 

ℎ(푥) = ( )
( )

=
( ) 		푖푓	푎 < 푥 < 푚

		푖푓	푚 ≤ 푥 < 푏
  

ℎ(푥) = ( )
( )

=
( ) 		푖푓	푎 < 푥 < 푐

		푖푓	푐 ≤ 푥 < 푏
  

 

Fractional hazard function on the support of X is 
 

ℎ (푥) = ( )
( )

=
( ) 	푖푓	푎 < 푥 < 푐

																			푖푓	푐 ≤ 푥 ≤ 푏
  

( ) = 훼  

2푎 − 2푥 = 훼(푎 푏 − 푐 푏 + 푐 푎 + 푥 − 2푎 푥)  

−2푥 = 훼(푎 푏 − 푐 푏 + 푐 푎 + 푥 − 2푎 푥) − 2푎   

−2푥 = (훼푎 푏 − 훼푐 푏 + 훼푐 푎 + 훼푥 − 2푎 푥훼) − 2푎   

−푥 =   

푥 =   

= 훼  
2 = 훼푏 − 훼푥   
2− 훼푏 = −훼푥   

= −푥   

− = 푥   

= 푥   

퐻 (푡) =
퐻 (푡)					푖푓	0 < 푡 < 휏
퐻 (푡)					푖푓	휏 < 푡 < 휏
퐻 (푡)														푖푓	푡 ≥ 휏

  

퐻 (푡) = ⅄ 푡 휶   

퐻 (푡) = ⅄ 휏 + 훽 (푡 − 휏 ) + (푡 − 휏 )  

퐻 (푡) = ⅄ 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 + 훽 푡

− 훽 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 푡

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  
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퐻 (푡) = ⅄ 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 + 훽 휏
−2 + 훼푏

−훼

− 훽
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 휏

−2 + 훼푏
−훼

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + ⅄ (푡 )− ⅄ 휏

−2 + 훼푏
−훼  

 

The Fractional survival function S(t) is given by  
 

푆 (푡) = 푒 ( ) =
푆 (푡)			푖푓	0 < 푡 < 휏
푆 (푡)		푖푓	휏 < 푡 < 휏
푆 (푡)												푖푓	푡 ≥ 휏

  

 

The fractional survival function 푆 (푡) is given by  
 

푆 (푡) = 푒 ⅄ 휶 ퟐ풂ퟏ  
푆 (푡) = 푒 ⅄   

푆 (푡) = 푒 ⅄ (−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + 훽 푡

− 훽 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 푡

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

 

푆 (푡) = 푒 ⅄ (−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + 훽 휏

−2 + 훼푏
−훼

− 훽
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 휏

−2 + 훼푏
−훼

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + ⅄ (푡 )− ⅄ 휏

−2 + 훼푏
−훼  

 

The corresponding PDF becomes  

푓(푡) = − 푆 (푡) = 	
푓 (푡)						푖푓	0 < 푡 < 휏
푓 (푡)						푖푓	휏 < 푡 < 휏
푓 (푡)															푖푓	푡 ≥ 휏

  

 
The corresponding PDF becomes 
 

푓 (푡) = 훼 ⅄
┌

┌
푡 푒 ⅄ ┌

┌
푡 휶   

 

푓 (푡) = 훽 푒
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 + 훽1
푡훼 + 1
Γ(훼 + 2) 푒  

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 − 훽0

푡
Γ(훼 + 2) 

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 −

1
2훽1

Γ3푡
Γ훼 + 3

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

+
1
2훽 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

 

푓 (푡) 						= 훼 ⅄
┌
┌

푡 . 푒
┌
┌

푡 푒
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2  

−훽0휏
−2 + 훼푏

−훼 + 훽0휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2  

−
1
2훽 휏

−2 + 훼푏
−훼 +

1
2훽 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

+휆 휏  
 

Fractional Cumulative Risk Model: Weibull Trapezoidal Distribution  
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ℎ (푡,푋 푎, 푏, 푐, 푑) =

⎩
⎪
⎨

⎪
⎧

																																																							 	

⅄
┌

┌
	. ( )

( )								 	 	 	 	 	,
		 		 		

푎 + 푏푡	.푢																									푖푓	휏 ≤ 푡 ≤ 휏
⅄

┌

┌ . ( )
( )								 	 	 	

	 		 		 	
																																																							 	

  

 

The parameters a and b are such that  ℎ (푡) becomes continuous 
푎 + 푏휏 = 훼 ⅄ 휏 .푢 ( )

( )
  

푎 + 푏휏 = 훼 ⅄ 휏 .푢 ( )
( )

  
 

Based on the hazard function h(t) the corresponding Fractional cumulative hazard function becomes  
The hazard function on the support of X is  

ℎ(푥) = ( )
( )

=
( ) 		푖푓	푎 < 푥 < 푏 < 푚

		푖푓	푚 ≤ 푥 < 푑
  

ℎ(푥) = ( )
( )

=
( ) 		푖푓	푎 < 푥 < 푏 < 푐

		푖푓	푐 ≤ 푥 < 푑
  

Fractional hazard function on the support of  X is 

ℎ (푥) = ( )
( )

=
( ) 	푖푓	푎 < 푥 < 푏 < 푐

																			푖푓	푐 ≤ 푥 ≤ 푑
  

( ) = 훼  
2푎 − 2푥 = 훼(푎 푏 − 푐 푏 + 푐 푎 + 푥 − 2푎 푥)  
−2푥 = 훼(푎 푏 − 푐 푏 + 푐 푎 + 푥 − 2푎 푥) − 2푎   
−2푥 = (훼푎 푏 − 훼푐 푏 + 훼푐 푎 + 훼푥 − 2푎 푥훼) − 2푎   
−푥 =   

푥 =   

= 훼  
2 = 훼푑 − 훼푥   
2− 훼푑 = −훼푥   

= −푥   

− = 푥   

= 푥   

퐻 (푡) =
퐻 (푡)					푖푓	0 < 푡 < 휏
퐻 (푡)					푖푓	휏 < 푡 < 휏
퐻 (푡)														푖푓	푡 ≥ 휏

  

퐻 (푡) = ⅄ 푡 휶   

퐻 (푡) = ⅄ 휏 + 훽 (푡 − 휏 ) + (푡 − 휏 )  

퐻 (푡) = ⅄ 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 + 훽 푡

− 훽 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 푡

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

 

퐻 (푡) = ⅄ 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 + 훽 휏
−2 + 훼푑

−훼

− 훽
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 휏

−2 + 훼푑
−훼

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + ⅄ (푡 )− ⅄ 휏

−2 + 훼푑
−훼  

The Fractional survival function S(t) is given by  
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푆 (푡) = 푒 ( ) =
푆 (푡)			푖푓	0 < 푡 < 휏
푆 (푡)		푖푓	휏 < 푡 < 휏
푆 (푡)												푖푓	푡 ≥ 휏

  

 

The fractional survival function 푆 (푡) is given by  
푆 (푡) = 푒 ⅄ 휶 ퟐ풂ퟏ  
푆 (푡) = 푒 ⅄   

푆 (푡) = 푒 ⅄ (−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + 훽 푡

− 훽 휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 푡

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

 

푆 (푡) = 푒 ⅄ (−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + 훽 휏

−2 + 훼푑
−훼

− 훽
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2 +
훽
2 휏

−2 + 훼푑
−훼

−
훽
2 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + ⅄ (푡 )− ⅄ 휏

−2 + 훼푑
−훼  

 

The corresponding PDF becomes  

푓(푡) = − 푆 (푡) = 	
푓 (푡)						푖푓	0 < 푡 < 휏
푓 (푡)						푖푓	휏 < 푡 < 휏
푓 (푡)															푖푓	푡 ≥ 휏

  

The corresponding PDF becomes 
 

푓 (푡) = 훼 ⅄
┌
┌

푡 푒 ⅄
┌
┌

푡
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2  

 
푓 (푡) = 훽 푒 휶 + 훽1

Γ( )
푒   

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 − 훽0

푡
Γ(훼 + 2) 

휶 − 훽1 Γ
Γ

휶   

+
1
2훽 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2  

푓 (푡) = 훼 ⅄
┌
┌

푡 . 푒
┌
┌

푡 푒
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2  

−훽0휏
−2 + 훼푑

−훼 + 훽0휏
(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎

2  

−
1
2훽 휏

−2 + 훼푑
−훼 +

1
2 훽 휏

(−훼푎 푏 + 훼푐 푏 − 훼푐 푎 − 훼푥 + 2푎 푥휶) + 2푎
2 + 휆 휏  

 

CONCLUSION 
 

The fractional cumulative risk model for Weibull Triangular and Weibull Trapezoidal distribution is applied using the shape 
parameter, and is applied in the field of medicine, space research, engineering etc., for finding the period of time in fractional 
order. The cumulative risk of getting the disease like cancer, heart disease etc., and fractional cumulative risk model is helpful to 
predict the disease at the earlier stage. The Weibull Triangular and Weibull Trapezoidal distributions gives the more accurate and 
consistent result for cumulative risk model. 
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