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A R T I C L E  I N F O                              A B S T R A C T  
 

 

The determination of optimal inventory theory several variations of inventory problem are 
discussed. The objective is to derive the optimal re-order level or optimal stock level.         
In this paper the optimal reserve inventory between two machines in series attempted.      
The output of machine M1 is the input for machine 푀  and	푀 . Whenever the breakdown 
of the machine M1 is at fault i.e not working, then the machine 푀  and 푀   may go to an 
idle stage. The ideal time of  푀  and 푀  is very expensive and hence to prevent the ideal 
time of  푀  and 푀  a reserve inventory is maintained in between M1 and	푀 , 푀 .           
The breakdown durations 휏 of machine M1 is a random variable. This random variable is 
assumed to possess the called Setting the Clock Back to Zero (SCBZ) property for two 
random variables namely the breakdowns duration and interarrival times between repairs of 
M1 the optimal reserve inventory size is obtained. Numerical illustration also substantiated.  
 
 
 
 
 
 

INTRODUCTION 
 

In many manufacturing industries the production of products 
is in series of machines. The optimal reserve between the 
systems, namely, the system that produces the input and the 
system that consumes the input obtained from the previous 
system. If various manufacturing processes operate 
successively, then in the case of breakdown of one at some 
stage can affect the entire system. Hence stocking points of 
inventory are created between adjacent stages so as to achieve 
a certain degree of independence in operating the stages.         
In the present model the optimal size of the reserve of raw 
material to be maintained in between two machines in series 
is found out. A system in which there are two machine M1 is 
in first stage and in the second stage there are two 
machines푀 and푀  is considered. The output of machine M1 
is the input for machine 푀  and 푀 . Whenever the 
breakdown of the machine M1 is at fault i.e not working, then 
the machine 푀  and 푀   may go to an idle stage. The ideal 
time of  푀  and 푀  is very expensive and hence to prevent 
the ideal time of  푀  and 푀  a reserve inventory is 
maintained in between M1 and 푀 , 푀 . The breakdown 
durations 휏 of machine M1 is a random variable. This random 
variable is assumed to possess the so called Setting the Clock 
Back to Zero (SCBZ) property for two random variables 
namely the breakdowns and interarrival times between repairs 
of M1 the optimal reserve inventory size is obtained. 
Numerical illustration also substantiated.  
 

The determination if the optimal size of reserve inventory 
between M1 and M2 has been discussed by many authors, the 
have introduced the property called Setting the Clock Back to 
Zero Property (SCBZ property) RajaRao and Talwalkar 
(1990). The model is derived for optimal reserve between two 
machines with repair time having SCBZ (Setting the Clock 
Back to Zero) property has been discussed by 
Sachithananatham, et.al. (2006). The optimal reserve 
inventory between two machines under SCBZ property of 
inter-arrival times between breakdowns has been discussed by 
Srinivasan, et.al. (2007). The expected time to recruitment 
when threshold distribution has SCBZ property has been 
discussed by Sathiyamoorthi, and Parthasarathy, (2003). The 
basic model involving two machines in series and the 
determination of optimal reserve between two machines has 
been discussed by Hansman (1962). An extension of model is 
carried out in this paper. 
 

Notations  
 

S -Level of reserve inventory  
X0 - A continuous random variable which denotes the repair 
time of M1 with p.d.f is g(.)     
 

with c.d.f G (.) 
 

µ - mean time interval between the successive breakdowns of 
machine M1 
 

휏 - A random variable which denotes the duration of 
breakdown / repair time M1 and it has p.d.f g(.) with c.d.f G(.) 
and 휏~	exp ( 휆	). 
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h - Inventory holding cost per unit time  
d1 - Cost per unit of idle time of machine 푀  

d2 - Cost per unit of idle time of machine 푀  
r1 -Consumption rate per unit time of machine 푀  

r2 - Consumption rate per unit time of machine 푀  
 

Assumptions 
 

1. The output at the M1 which is a semi finished products is 
the input for 푀  and 푀  

2. Machine M1 undergoes breakdown for a random duration 
3. Whenever M1 undergoes a breakdown, then the supply of 

the raw material for 푀  and 푀  is from the reserve 
inventory  

4. The consumption rate of  푀  and 푀  are fixed Constants 
5. The breakdown time of M1 is a random variable    

 

Results I 
 

In this model two machines M1 and 푀  and 푀  in series is 
considered and the optimal value of reserve inventory 
between M1 and 푀  and 푀  for the system given above in the 
introduction is discussed. 
 

if T is a random variable denoting idle time of machines 푀  
and 푀 during a repair time of machine M1 will be noted that 
 

푇 =
표																									푖푓				휏	 <

푠
푟 + 푟

휏 −	
푠

푟 + 푟 					푖푓				휏 >
푠

푟 + 푟

 

 

As there are   breakdowns per unit time, the expected cost 
per unit time becomes  
 

		퐸(푐) = ℎ푠 + 	
푑 + 푑

µ 휏 −	
푆

푟 + 푟

∞

	푔(휏)푑휏																. . . (1) 

      

To obtain optimal reserve inventory S, 
 

To find  ( ) = 0, it may be observed that the differentiating 
(1) both sides w.r.t S by using the Leibnitz rule of 
differentiation of integral, we get, 
 

( ) 	= ℎ −	
µ( ) ∫ 푔(휏)∞ 	푑휏																																	. . . (2)

       

Thus, 
푑퐸(푐)
푑푠 = ℎ −	

푑 + 푑
µ(푟 + 푟 ) 1− 퐺	

푆
푟 + 푟 															 . . . (3) 

      

To determine the optimal reserve inventory level  푆 , it is 
required to solve 
 

푑퐸(푐)
푑푠 	= 0																																																																																⋯ (4) 

      

Therefore, the optimal reserve inventory level  푆 is given as, 
  

퐺	
푆

푟 + 푟 = 1−	
(푟 + 푟 )	휇ℎ

(푑 + 푑 ) 																																								⋯ (5) 
      

Results II 
 

In this model it is assumed that the breakdown duration of 
machine M1 which is denoted as a random variable 휏 with 
p.d.f g(t) is such that satisfies the Setting the Clock Back to 
Zero (SCBZ) property. For detailed Study of the SCBZ 

property, one refers to Raja Rao and Talwalker (1990). 
According to this property the probability distribution of the 
random variable 휏 has a parametric change when 휏 ≥ 	푋 , 
where 푋  is a truncation point of random variable X. The 
distribution remains the same except for the fact that the 
parameter changes from	휃  to 휃 . it may be stated that  
f(X,	휃 ) →	f ( X,	휃 )  whenever X > X0. 
 

A condition which ensure the existence of the SCBZ property 
for any distribution is that    
 

푆(X + X ,휃 )
푆(X, 휃 ) 	= 	S(X, 휃 ) 

 

In the present model it is assumed that the breakdown 
duration	휏 which is a random variable has a p.d.f which 
satisfies SCBZ property.  
 

The random variable 휏 follows g(휏, 휃 ) if 휏 < X , and it 
follows g(휏,휃 ) if  휏 ≥ 푋  where 푋  is the truncation point 
and G(.) is the c.d.f of 	휏.  
 

Now the expected total cost can be represented as  
 

퐸(푐) = ℎ푠 +
(푑 + 푑 )

휇
⎣
⎢
⎢
⎡

	g(휏,휃 )	푑휏

( )

+ 	 g(휏,휃 )푑휏
∞

⎦
⎥
⎥
⎤
			⋯ (6) 

 

Special Case 
 

Consider the following p.d.f. 
 

푔(푡) = 휃 푒 																															푖푓							휏	 ≤ 	 푥
푒 ( 	 )		휃 푒 								푖푓					휏 > 	 푥

 
 

It can be shown that g(휏) satisfies the SCBZ property. 
 

Result I 
 

When  lies before X0, (i.e.,) 	≤ 푋 , where S is the 
initial reserve inventory level Kept and it is an assumed value.  
 

퐸(푐) = ℎ푠 +
(푑 + 푑 )

휇
⎣
⎢
⎢
⎡

	 휏 −	
푆

푟 + 푟
푔(휏)푑휏

( )

+ 	 휏 −	
푆

푟 + 푟
푔(휏)푑휏

∞

⎦
⎥
⎥
⎤
											⋯ (7) 

           

To find    ( ) 	= 표,  
 

		h +

⎣
⎢
⎢
⎡ 푑
푑푠
⎩
⎨

⎧
	 휏 −	

푆
푟 + 푟

푔(휏)푑휏 + 	 휏 −	
푆

푟 + 푟
푔(휏)푑휏

∞

( ) ⎭
⎬

⎫

⎦
⎥
⎥
⎤
 

 

Let we have  
  

I 	=
푑
푑푠 	 휏 −	

푆
푟 + 푟 푔(휏)푑휏

( )

																																⋯ (8) 

 

And 
   

I 	= 	
푑
푑푠 휏 −	

푆
푟 + 푟 푔(휏)푑휏

∞

																																							⋯ (9) 

 

Using above equation the Leibnitz rule of differentiation of 
integral, we get, 
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I = 	0	 −	
1

푟 + 푟 + 	
푆

푟 + 푟 , 푠 + 	
−1

푟 + 푟 푔(휏)푑휏

( )

 

= −
1

푟 + 푟 푔(푡)푑푡					 

            

= −
1

푟 + 푟 퐺(푥 ,휃 )− 	퐺(
푠

푟 + 푟 ) 																														⋯ (10) 
 

therefore, we have  
 

퐼 =
−1

푟 + 푟 푔(푡)푑푡
∞

 

    

= −
1

푟 + 푟 푔(푡)푑푡
∞

 

   

=
−1

푟 + 푟 퐺̅	(푥 ,휃 ) 																																																															⋯ (11) 
 

where  
 

퐺̅	(푥 ,휃 ) = 푝(휏 ≥ 푥 ) 
 

푑	퐸(푐)
푑푠

= ℎ +
푑 + 푑

휇
		
푑
푑푠
	 	휏 −	푠 푟 + 푟 푔(푡)푑푡 + 	휏 −	푠 푟 + 푟 푔(푡)푑푡

∞

 

 

푑	퐸(푐)
푑푠 = 0 

 

ℎ −
푑 + 푑
휇	(푟 + 푟 ) 퐺(푥 ,휃 )− 	퐺

푠
푟 + 푟 + 퐺̅	(푥 ,휃 ) = 0 

  

퐺(푥 ,휃 ) − 	퐺
푠

푟 + 푟 + 퐺̅	(푥 ,휃 ) =
ℎ	휇(푟 + 푟 )
푑 + 푑 ⋯ (12) 

 

G	(푥 , 휃 ) − G	
푠

푟 + 푟
,휃 = 		 푔(휏)푑휏 																									= 	 (휃 푒 )		푑휏 

= 	 휃 푒 푑휏 

= 휃
푒
−휃  

  

= 	−	푒 			푒 																																																									⋯ (13)     
Now we consider,         

퐺̅	(푥 ,휃 ) = 	 푒 ( 	 )		휃 푒 푑휏		
∞

	 

= 푒 ( 	 ) 		휃 푒 푑휏
∞

 

= 푒 ( 	 ) 휃
푒
−휃

∞

 

= 푒 ( 	 )	푒  
= 푒 	푒 	 		푒  
  
= 푒 ( 	 ) 
 

= 푒 	 																																																																																		… (14) 
 

Substitute (13) and (14) in equation (12). 

G	(푥 ,휃 )− G	
푠

푟 + 푟 ,휃 + 퐺̅	(푥 ,휃 ) =
ℎ휇(푟 + 푟 )
푑 + 푑 	 

																					−	푒 			푒 + 	 푒 	 =
ℎ휇(푟 + 푟 )
푑 + 푑 		 

      

	푒 =
ℎ휇(푟 + 푟 )
푑 + 푑 																																																						… (15) 

 
The above equation (15) by taking log on both sides becomes, 
 

−휃
푠

푟 + 푟 푙표푔 = 	푙표푔
ℎ휇(푟 + 푟 )
푑 + 푑  

 
Therefore, the optimal reserve inventory level 푆  is given as, 
 

푆 =
푙표푔 ℎ휇(푟 + 푟 )

푑 + 푑 (푟 + 푟 )

−휃 푙표푔 																																									⋯ (16) 

 
Result (ii) 
 
When    	 falls after X0  i.e  > 푥 		 

퐸(푐) = ℎ푠 +
푑 + 푑

휇
⎣
⎢
⎢
⎡

(휏 −
푠

푟 + 푟

∞

)	푔(휏)	푑휏

⎦
⎥
⎥
⎤
 

Now taking, 
 
푑	퐸(푐)
푑푠 = 0			 

 

ℎ +
푑 + 푑

휇 			
푑
푑푠 	휏 −	푠 푟 + 푟 푔(휏)푑휏 = 0 

푑	퐸(푐)
푑푠 = 0 

 

	ℎ −
푑 + 푑
휇(푟 + 푟 ) 			 	휏 −	푠 푟 + 푟 푔(휏)푑휏 = 0 

푔(푡)푑푡 = 	
ℎ휇(푟 + 푟 )
푑 + 푑  

 

1− 	퐺 = 	 ( ) 																																																			⋯ (17) 
     

		 푔(푡)푑푡	 =		
∞

ℎ휇(푟 + 푟 )
푑 + 푑  

 

	 [푒 ( 	 )		휃 푒 ]푑푡	 =		
∞

ℎ휇(푟 + 푟 )
푑 + 푑  
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푒 ( 	 ) 		[휃 푒 ]푑푡	 =		
∞

ℎ휇(푟 + 푟 )
푑 + 푑  

푒 ( 	 ) 휃
푒
−휃

∞

= 		
ℎ휇(푟 + 푟 )
푑 + 푑  

 

				푒 ( 	 )		푒 = 		
ℎ휇(푟 + 푟 )
푑 + 푑  

 

		푒 = 		
ℎ휇(푟 + 푟 )
푑 + 푑 푒 ( 	 ) 																															… (18) 

 

The above equation (18) by taking log on both sides becomes,  
 

 	−휃 log 푒 = 푙표푔 ( ) + 	 푥 (휃 − 	휃 )   
 

Therefore, the optimal reserve inventory level 푆  
   

푆 =
푙표푔 ℎ휇(푟 + 푟 )

푑 + 푑 + 	 푥 (휃 − 	휃 ) (푟 + 푟 )

−휃 log 푒 				⋯ (19) 
 

The optimal valve of 푆 can be obtained by using (16) and 
(19). 
 

푆 =

⎩
⎪
⎨

⎪
⎧ 푙표푔 ℎ휇(푟 + 푟 )

푑 + 푑 (푟 + 푟 )

−휃 푙표푔
			푖푓							

푠
푟 + 푟

	≤ 	푥

푙표푔 ℎ휇(푟 + 푟 )
푑 + 푑 + 	푥 (휃 − 	휃 ) (푟 + 푟 )

−휃 log 푒
						푖푓							

푠
푟 + 푟

> 	 푥

												 

 

Numerical Illustration 
 

The variation in the values of 푆 consequent to the changes in 
parameter h, 휇,	휃 , 	휃 ,	푥 , the demand rate 	푟 , 푟 , and ideal 
time cost 	푑 , 푑 , have been taking numerical illustration. The 
table and corresponding graphs are given as. 
 

If the value of inventory holding cost h increases the optimal 
inventory size namely 푆 decreases therefore a smaller reserve 
inventory will increase the profit, in both the cases namely 
(푠/(푟 + 푟 	)) 	≤ 	 푥   and (푠/(푟 + 푟 	)) > 	 푥 . This is 
observed in Table 1 and Fig 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

If the value of d1 which denotes the shortage cost due to 
inadequate suppley to machine 푀  increases then as 
increasing the reserve inventory 푆 is suggested in both the 
cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and (푠/(푟 + 푟 	)) > 	 푥   
and this is a indicated in Table 2 and Fig 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

If the value of d2 which the shortage cost arising due to 
machine 푀  increase then an increase in the values of 푆 is 
also observed and therefore if the shortage cost of machine 2 
increases a higher level of reserve inventory is suggested in 
both the cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and (푠/(푟 +
푟 	)) > 	 푥 . It is observed in Table 3 and Fig 3. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
If the values of 휇 which is the average inter arrival time 
between the successive failure of machine M1 increases then a 
smaller reserve inventory 푆 is suggested in both the cases 
namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and (푠/(푟 + 푟 	)) > 	 푥 . This 
is obsevrved in Table 4 and Fig 4.  

 
 
 
 

Table 1 Optimal value of the Reserve Inventory when 
holding cost is fixed 

 

h 5 10 15 20 25 30 35 40 45 50 
푆 = (푠/(푟 + 푟 	)) 	
≤ 	푥  23.15 16.22 12.17 9.29 7.06 5.24 3.69 2.36 1.18 0.132 

푆 = (푠/(푟 + 푟 ))
> 	 푥  95.18 84.78 78.70 74.38 71.03 68.30 65.99 63.98 62.22 60.64 

  

 
 

Fig 1 Optimal value of  s when holding cost is fixed 
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Table 2 Optimal value of the Reserve Inventory when  
shortage cost for 푀   is fixed 

 
d1 180 190 200 210 220 230 240 250 260 270 

푆 = (푠/(푟 + 푟 	)) 	≤ 	 푥 23.15 23.418 23.671 23.918 24.159 24.394 24.62 24.84 25.06 25.28 
푆 = (푠/(푟 + 푟 	)) > 	 푥 95.18 95.570 95.950 96.321 96.682 97.035 97.38 97.71 98.04 98.36 

 

 

 
Fig 2 Optimal value of 푠̂ when shortage cost for 푀   is fixed 

 

Table 3 Optimal value of the Reserve Inventory when 
shortage cost for 푀   is fixed 

 
d2 200 210 220 230 240 250 260 270 280 290 

푆 = (푠/(푟 + 푟 	)) 	
≤ 	 푥  23.15 23.418 23.671 23.918 24.159 24.394 24.62 24.84 25.06 25.28 

푆 = (푠/(푟 + 푟 	))
> 	 푥  95.18 95.570 95.950 96.321 96.682 97.035 97.38 97.71 98.04 98.36 

 

 
 

Fig 3 Optimal value of 푠̂ when shortage cost for 푀   is fixed 
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CONCLUSIONS 
 

The following conclusions are drawn on the basis of the 
numerical illustration that has been worked out for this model. 
 

1. As the value of inventory holding cost h increases the 
optimal inventory size namely 푆 decreases therefore a 
smaller reserve inventory will increase in both the 
cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and (푠/(푟 +
푟 	)) > 	 푥 .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. If the value of d1 which denotes the shortage cost due to 
inadequate supply to machine	푀  has an increase then 
an increase in the reserve inventory	푆  is suggested in 
both the cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and 
(푠/(푟 + 푟 	)) > 	 푥 .  

3. If the value of d2 which the shortage cost arising due to 
machine 푀  increases an increase the value of 푆 is also 
observed in both the cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   
and (푠/(푟 + 푟 	)) > 	 푥 .  

4. If the value of 휇 which is the average inter arrival time 
between the successive failure is of machine M1 
increases a smaller reserve inventory 푆		is suggested in 
both the cases namely (푠/(푟 + 푟 	)) 	≤ 	 푥   and 
(푠/(푟 + 푟 	)) > 	 푥 .  
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Table 4 Optimal value of the Reserve Inventory when 
Successive breakdown of the machine is fixed 

 
흁 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9 2.1 2.3 

푆 = (푠/(푟 + 푟 	)) 	
≤ 	 푥  

23.15 19.79 17.28 15.27 13.60 12.17 10.92 9.80 8.80 7.89 

푆 = (푠/(푟 + 푟 	)) > 	 푥95.18 90.13 86.36 83.35 80.85 78.702 76.82 75.15 73.65 72.29 
 

 
Fig 4 Optimal value of  푠̂ when Successive breakdown of the machine is 

fixed 
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